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Preface

This is a proceedings of the international workshop “Statistical Theories and Machine
Learning Using Geometric Methods” held from December 14th to December 15th in 2023.
This workshop aimed to connect researchers in several fields, in particular Statistics,
Machine Learning and Mathematics, and to share problems and researches in these fields
in an interdisciplinary manner.

This workshop was supported by Osaka Central Advanced Mathematical Institute
(MEXT Promotion of Distinctive Joint Research Center Program JPMXP0723833165),
Osaka Metropolitan University.

This workshop was held in a hybrid format. Domestic speakers were gathered in
Academic Extension Center (Osaka Metropolitan University), and overseas speakers par-
ticipated by Zoom. We had 11 talks, 9 of which were from Japan and the others were
from abroad, and 51 people participated in this workshop.
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Mean-variance joint statistic valued in a real Siegel domain

Hiroto Inoue
Nishinippon Institute of Technology

Abstract

Let T and s2 be the mean and the variance of given data x = (x1,...,z,) € R". The

main idea of this talk is to characterize the pair of statistics = — (Z,s2) as a quotient

1T
map R" — R"/H with the n —1 dimensional orthogonal group H = O(n —1). This is
realized by a combination of a quadratic form and the Cholesky decomposition, or the
QR decomposition for matrices. Since the quotient space R"/H can be identified with the
affine group G =Ry x R or a real Siegel domain 2, the joint statistics (T, s2) is considered
to be valued in G or {2.
From this characterization, we find some fundamental properties and advantages of

the joint statistic (Z,s2) as follows.

e (7,s2) is invariant under the actions of H, especially under the permutations between

Z1,...,Zn. More precisely, it is the maximal invariant statistic in the context of statis-
tical inference.

e The quotient map is equivariant under the affine transformation, which is consequently
followed by the transformation rule az + b+ (aZ +b,a?s2). Moreover, under the as-
sumption of the normal distributions for the data x € R™, the parameter estimators
and test statistics are written in the product and inverse in the affine group G.

o The probability density functions (PDFs) of each statistic which is a function of the
joint statistic (Z,s2) can be calculated by using the integral formula on the space
R™/H in terms of the Haar measure on G. The familiar distributions such as the
X2, t and F distributions are derived as the marginal ones. It enables us to describe
the simultaneous hypothesis testing for the pair of parameters (u,0?) of the normal
distribution.

We notice that the PDF of the joint statistic (Z,s2) is obtained from the Bartlett
decomposition of the classical Wishart distribution restricted onto 2. Then it might be
meaningful to consider the same kind of statistic valued in other homogeneous cones or
Siegel domains as our joint statistic.
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Mean-variance joint statistic valued in

a real Siegel domain

Hiroto Inoue

Nishinippon Institute of Technology

OCAMI Workshop "Statistical Theories and Machine Learning
Using Geometric Methods" Dec. 14, 2023

Mean-variance joint statistic valued in a real Siegel domain

Basic idea

For a set of real data z1,z2,...,2, € R, we consider a 2 x n matrix

. xl e xn I%n
x-(l o 1>€R .
Consider the QR decompositon of x in the following form

s

t=RU; R= (0 |

),s>0, UUT =nl,.

Then, it can be checked that

2/30
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Mean-variance joint statistic valued in a real Siegel domain

By the definition, the factor R = R(z) has the following properties.

m Equivariance

R(gz) =gR(x), Vg= (g Z{) ,a>0.

This is equivalent to (Sgz4b,az +b) = (asg,aT +Db).

m Invariance
R(zh) = R(x), VheO(n)s.t. (1,....,1)h=(1,...,1).

Especially, R(x) is symmetric in x1,...,x,.

> We will obtain the test statistics and their PDFs in a group theoretical
way.

3/30

Mean-variance joint statistic valued in a real Siegel domain

I—Mean—Variance Joint Statistic

Mean-Variance Joint Statistic
m Definition
m Decomposition of volume element

4/30
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Mean-variance joint statistic valued in a real Siegel domain
LMean—Variance Joint Statistic
I—Dr::ﬁnition

Setting

m Data space : aset £, = E),, (n > 2,r > 1) of matrices s.t.

_ I R 7} (r+1)xn
En—{x—<1 1>6R

m Range of statistic : a region (2, C Symjﬁrl(R),

rank x :r+1}1

On = {w = (wm) € Sym;:_l(R) ‘ Wr4lr+1 = n}
m Quadratic statistic : a map Q: E, — (2,,

Q(z) :==xa (x€Ep)

1 The condition of rank can be omitted if we ignore the zero-measure set in the
following argument.
5/30

Mean-variance joint statistic valued in a real Siegel domain

LMean—Variance Joint Statistic

I—Deﬁnition

m Transformation group : a group Go = B X R" by
(s,t)-(a,b) :=(sa,sb+t) ((s,t),(a,b) € BxR"),

where

s =0 (i<7),
B:{SEGLT(RH siz>0 Eizl)...r) }’

the group of the upper triangular matrices with positive diagonals.

6 /30
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Mean-variance joint statistic valued in a real Siegel domain

I—Mean—Variance Joint Statistic
L Definition

m Actions of Gy on E,,, (2, by

Go~E,: (s, t)xr= <8 i) (:111 xf) (x € Ep)

T
Go N $2, (s,t)w:<(8) i)w(é i) (w e §2,)

Notice that Gy ~ §2,, is simply transitive due to the Cholesky
decomposition.

7/30

Mean-variance joint statistic valued in a real Siegel domain

I—Mean—Variance Joint Statistic
L Definition

Proposition 1.1 (QR decomposition)
Any x € E,, is uniquely decomposed as follows.

r=gu, g€Go u€cQ (ne). (1)
Here e € (2, is the identity matrix.

So the element g is uniquely determined from x and we denote it by
g=R(z).

Proposition 1.2

For x € E,, , it holds that R(x) = (s,,T), where

1

n 1 mn
== (& —7)(ax—7)", f=—Z (2)
k=1 no

3

8/30
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Mean-variance joint statistic valued in a real Siegel domain

I—Mean—Variance Joint Statistic
L Definition

By the definition of R, we see again
m Gp-Equivariance

R(gz) = gR(z), Vg€ Go.
m O(n—1)-Invariance
R(xh) = R(z), YheO(E,),
where

O(E,)={heO(n)| E,h=E,} Z0(n—1).

B, —=——GoxQ L(ne)
% ) \R\ plr
2, — n Go

9/30

Mean-variance joint statistic valued in a real Siegel domain
I—Mean—Variance Joint Statistic

I—Decomposition of volume element

Notations for volume elements For s = (s1,...,s,) € R" and w € (2, we
2
put

Ag(w) := A1 (w) 2 Ag(w)*2 7% - Ap(w)?®r,

Ap(w) = det(wij)r—k+1<ij<ri1-
We notice that

r

As(ge) =[] (s5) = (9= (s,t) € Go).
1=1

For convenience of the index, we let

rl=(1,...,r), s+A=s+()...,\) (s€eR", AeR).

2Notations by Faraut-Koranyi [1]
10/30
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Mean-variance joint statistic valued in a real Siegel domain

I—Mean—Variance Joint Statistic

I—Decomposition of volume element

We take a left Haar measure du(g) on Gy as

du(g) = A_%[r] (ge) H s, dsi; Hdsij Hdti, g=(s,t).
i=1 i<j =1

It can be checked the following transformation rule.

{ du(highs) = Ag(h2)du(g)  (hi1,he € Go),
du(g™) = Aq(g)du(g),

where Ag(g) = A%T_[T] (ge).

11/30

Mean-variance joint statistic valued in a real Siegel domain
I—Mean—Variance Joint Statistic

I—Decomposition of volume element

Next we denote by dx the Lebesgue measure on E,, C R™ ;
n 1 T
dx :kl;[ldazk, T = (1 1”)
We notice the transformation rule

d(hz) = |h|"dz  (h € Go), where |h|=A_1(he).

1
2

12 /30
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Mean-variance joint statistic valued in a real Siegel domain
L Mean-Variance Joint Statistic

I—Decomposition of volume element

Proposition 1.3

Under the relation x = gu in (1), there exists a volume element du on
Q~Y(ne) such that

dx = |g|"dp(g) du. (3)

The integral of du is evaluated as follows.

[ = 4)
Q=1 (ne)

Cn

1
1 /n\ 2™ Lr(r41) ’ 1 .
Here I'(x) be the Gamma function.

13/30

Mean-variance joint statistic valued in a real Siegel domain

I—Probability distributions on G

Probability distributions on G

14 /30
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Mean-variance joint statistic valued in a real Siegel domain

L Probability distributions on G

Let @ (g) denote the PDF of random variables G on Gy ;

P(GeV) :/ch; Da(g)du(g)-

We define an expectation E[G| € G by

BGle= [ (he)Pa(h)du(h).

Proposition 2.1

For a random variable G on Gy and h € G, it holds that

E[hG] = hE[G].

15 /30

Mean-variance joint statistic valued in a real Siegel domain
L Probability distributions on G

Distributions on G derived from normal distributions

Suppose X is a random variable on E,, and

X=<)§1 )in>’ XiNNr(t733T) iid..

We denote it by X ~ N,.(h)"™, where h = (s,t) € Gy.

m Parameter change
g€ Gy, X ~N,.(h)" = gX ~ N,.(gh)".
m Unbiased estimator

X ~ N,(h)" = E[R(X)]=h.

16 /30
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Mean-variance joint statistic valued in a real Siegel domain

I—Probability distributions on G

The PDF of X ~ N,(g)™ is written as

1 _
fx(z) = ——e 20 D) tan g on,

o

ﬁ

The PDF of R(X) is obtained as a marginal distribution.

Proposition 2.2

If X ~ N(e)", then @ x)(h) is given by

Bu(h) i= —em 2T . (5)

17 /30

Mean-variance joint statistic valued in a real Siegel domain

I—Probability distributions on G

Proposition 2.3

If X ~N,(e)", Y ~ N,(e)™ independently, then ®p x)-1ry)(h) is
given as

n m

. Sntm i m
@n,m(h) = ’h‘ A[T]—%(n+m+r} < e+ he) o (6)

CnCrin n—+m n—+m

Sketch of proof. It is obtained by calculating the convolution of the
PDFs

Prx)-1ry)(h) = G D1, (9)Pm(gh)dp(g).

18 /30
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Mean-variance joint statistic valued in a real Siegel domain

L Probability distributions on G

Marginal distributions on R, ,R when r =1

When r =1, for h = (s,t) € Gy we have

1 -3 ~1
Pr(x)(h) = —emanH ) gn o g (2> T <n—> '

Cn

Corollary 2.1

For R(X) = (Sx,X), it holds that

V2T /n 1,2

Dg, (s) = . e 2" s"2 -\ 2 dist.
n
1 1.2
D+(t) = e 2™ : normal dist.
x(?) V2 /n

19/30

Mean-variance joint statistic valued in a real Siegel domain

L Probability distributions on G

We have

1 1
Dpx)-1(h) =Pp(h~)Ag(h) " = —e 5oz n(141%) (—n+1

Cn

Corollary 2.2

For R(X)™' = (Sx',—S%x' X), it holds that

_ 82 —n—l s g 2 o
@S§1(S)— . e 22s cinv. x“ dist.
1 _n
és_lf(t) = T (1 +t2) 2 ot diSt.

. B (nT 5)

20 /30
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Mean-variance joint statistic valued in a real Siegel domain

L Probability distributions on G

We have

_ Cn4m n m 9 nm 9 2
¢mxr4mYﬂh)—;;a;§n<n+nl+7%%m§ +(n+nn2t>

Let B(x,y) be the beta function.

Corollary 2.3

For R(X)™'R(Y) = (Sx' Sy, Sx (Y — X)), it holds that

n—1 m—1 n+m_1
N~z m-2 _9 1 2 .
@S;(lsy(s) = B(nT_l,mgl)sm <n+m52> : I dist.
1 n
1 m 2 m 2
i P p— ) R 1 t2 : t dist.
le(Y_X)() B(2, 1) (n+m> < +ner ) *

21/30

Mean-variance joint statistic valued in a real Siegel domain

L Probability distributions on G

On the orthogonal factor U(x), when r =1

For x € E,,, we write its decomposition as
= R(x)U(x), U(z)e Q (ne).

For z,y € E,,, the determinant of transposed product
Ty = det (U(x)U(y)T)

is the correlation coefficient of x and y.

22 /30
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Mean-variance joint statistic valued in a real Siegel domain

I—Probability distributions on G

Assume that X ~ N,.(e)". Then,
m R(X) and U(X) are independent of each other.

m U(X)=((x; —%)/o,) follows the uniform distribution on a sphere
Sn_l. 3
= For y € E,, R=det (U(X)U(y)T> has a following PDF

fir)y=cl—r%):"1 (=1<r<1),e>0.

vn—2R
Ny

correlation analysis).

= T:= follows the ¢ distribution (used in

3Each (z; — ) /0 is called an ancillary statistic.
23 /30

Mean-variance joint statistic valued in a real Siegel domain

I—Hypothesi'_:, test of normal distributions

Hypothesis test of normal distributions
m One-sample testing
m Two-sample testing

24 /30
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Mean-variance joint statistic valued in a real Siegel domain
L Hypothesis test of normal distributions
l—One-sampIe testing

One-sample testing

We consider one-sample test for a normal distribution Ny (h),
HO ch= ho

with a set of sample data X ~ Nj(h)™.
m We define a Gy-valued test statistic U as

U=hy'R(X).

Now Hy implies @¢7(g) = @n(9g).
m We take an acceptance region V : a neighbor of the identity
element e € G such that

/ D,(9)du(g) =1—a (ais a significance level)
Vv
25 /30

Mean-variance joint statistic valued in a real Siegel domain

L Hypothesis test of normal distributions

L One-sample testing

It realizes the following testings depending on the choice of V.
mV=IxR:

S
UeV o Xez ( x*-test for o?)
o0

[ ] V:R+Xj:

X —
UcV & PO ¢ J  (Z-test for pu with known o?)
o0

mV=(RyxJ) 1 :i={heGop hteRL xT}

X_
UcV & — Ho
Sx

€J ( t-test for y with unknown o?)

Here R(X) = (Sx,X), ho = (00, 1o)-

26 / 30
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Mean-variance joint statistic valued in a real Siegel domain
L Hypothesis test of normal distributions
I—Two—sample testing

Two-sample testing

We consider a two-sample test for normal distributions Ni(hy), Ni(hy),
HO : hm == hy

with two sets of data X ~ Ni(hg)", Y ~ Ni(hy)™.
m We define a Gy-valued test statistic U as

U=RX)'R(Y).

Now Hy implies @17(g) = @ m(9).
m We take an acceptance region V : a neighbor of the identity

element e € G such that
/ Dpm(9)du(g) =1—a («ais a significance level)
Vv

27 /30
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L Hypothesis test of normal distributions

L Two-sample testing

Depending on the choice of V, it realizes the following testings.
mV=IxR:

S
UeV o X ez ( F-test for the ratio ¢2/0?2)
Sx Y

V=R, xJ:

Y- X
UcV < —5— € J  ( t-test for the difference pi; — puy)*
X

Here R(X) = (Sx,X), R(Y) = (Sy.Y).

*This statistic is however not common for testing the difference pip — py.
28 /30
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Mean-variance joint statistic valued in a real Siegel domain
L Hypothesis test of normal distributions
I—Two—sample testing

Remarks

m We notice the similarity of Q(X), R(X) to the Wishart matrix and
its Bartlett decomposition.

m (2, the range of Q(X), is isomorphic to the following convex
domain D,

2,2 D ={(Z,p) € Sym;} (R) xR" ‘ 2 - pp” € Symyt (R) }
It is one of so-called real Siegel domains.

> Future work Take other data space E to define a similar statistic
Q: E®" — () valued in a convex domain £2.

29 /30

Mean-variance joint statistic valued in a real Siegel domain
L Hypothesis test of normal distributions
I—Two—sample testing

References
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Bayesian Learning with Lie Groups

Eren Mehmet Kiral

Abstract

There is uncertainity in the data, and there can be more than one explanation for
the same data. Two models can distinguish between a cat picture and a dog picture
but one may focus on the fur texture, while the other may make its decisions mostly
based on the pointedness of the ears. These can be equivalently good explanations
of the data. In this talk I will talk about how we can learn multiple models “at
the same time”, by introducing some uncertainity to our model parameters. I will
present a way of updating probability distributions on the model parameters using
Lie Groups, and how desired structures can be preserved by the action of a Lie group.

This is joint work with Thomas Mollenhoff and M. Emtiyaz Khan. It was pre-
sented in the AISTATS 2023 conference.
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Lie Group Bayesian Learning Rule

E. Mehmet Kiral, joint w. Thomas Mollenhoff and M. Emtiyaz Khan.

Dec 14, 2023 OCAMI Workshop
Statistical Theories and Machine Learning Using Geometric Methods

et |

The work is supported mainly by the Bayes-duality project, JST CREST Grant Number JPMJCR2112.
Presented at AISTATS 2023, arxiv # 2303.04397

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023

The classical and Bayesian learning setups

Data
parameter
space

(:0 — Rxg

loss
function

Model

Kiral, Mollenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023 2/25
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The classical and Bayesian learning setups

Datﬂ/\
par ameter . . « . ..
space Classically: find 6* € © minimizing £.

(.0 — REO Bayesian : find a distribution ¢ € P(©) ....

Model
loss
function
Kiral, Mollenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023 2/25
Example of loss function

N ’ ) f(x,0) = Wr(c(Wr-1(---0(W1x)))))
¢ : > c y e.g. o:x; — max{0,x;} componentwise. The
: W, : Wy : o : W, : tunable parameters are
< ° 2 € o 6:(W1,W27...,WL)GRP:®.

c ° ¢ For data 9 = {(x, yi) }i=1,....nv we search for a

parameter 6 € © s.t. f(x;,0) ~ y; for all 7.
Let ¢(7,y) = ||y — 7||?, say. Then using gradient, minimize,

00y =D elf(xi0), )+ 3A0].
(i) €9 £:(6) R(0)

Mollenhoff, Khan Lie Group Bayesian Learning Rule



20 OCAMI Reports Vol. 2 (2024)

Classical vs. Bayesian learning

The loss function is highly nonconvex. Usually

b o

N
00) =Y 4:(0) + R(6) \ |
=1 ‘,\‘

o)
where £;(6) is the loss contribution from the 7th —
data point and R(6) regularizer. alt) 0
07 and 03 are both equally valid explanations of the same data.
A distribution over the data considers both explanations “at the same time" .
Kiral, Mollenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023 4/25

Betting it all on one outcome

Say two dice are thrown and | tell you that the sum is greater than 7. &, (] satisfies this.
We could say the result was definitely (3, (.
But there are a total of 15 possibilities
63,00 & G0 O O
63,9 &0 (6 (96
63,69 & & (6
69,69 (268
(3, 63
It is much more sensible to say it is one of these 15 outcomes, with equal probability.

(principle of indifference, principle of maximum entropy)

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule
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The Bayesian Learning Problem

£(0), a loss function on model parameters 6 € ©. Pick a base measure v on ©. We solve

¢« € arg min E,[¢] — 7H(q)
q€Q

for some family of distributions Q C P, (©) = {q(#)dv(0)} on the parameters.

@ The expectation E4[{] = [ £(0)q(0)dv(8) prefers regions with low loss.

@ The entropy H,(q) = — [ q(6)log q(8)dv(6) prefers a higher spread of q.

@ The temperature 7 > 0 is a balancing term.

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023

Constrained maximization: Statistical mechanics interpretation

Assume 6 to be a kind of “microstate” with energy level £(6). So © is some “state space”.

- . Assume a distribution of the microstates (across “particles”)
Statistical mechanics: . .
maximizing entropy, constrained to have expected energy < Ej.

Lagrange multiplier 8 > 0:

. 1
arg min —H, (q) + B(Eqav[¢] — Ep) = arg minEyq, [(] — =H,(q)
q€P.(O) 4P, () B

1

T=3 corresponds to the thermodynamical notion of temperature.

Kiral, Mollenhoff, Khan

Lie Group Bayesian Learning Rule Dec 2023
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The exact posterior.

;e(e):

If @ =P,(0O) then there is a unique minimizer p,(f) o< e~

arg minEqq,[¢] — 7H(q) = arg min D, (q||p-).
qeQ qeQ

optimizer in
all distributions o Pr

loss landscape

closest dist in\Q
in KL-sense

p-(6) ©

Minimize the objective £(q) := D(q||p;) for g € Q...
...an approximate Bayesian solution.

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023

Previously. . . BLR: The Bayesian Learning Rule, [KR21]*

Gaussians, Exponential
[KR21] take Q as exponential families are gy(8) o e=* 7@, distributions, Gamma,

T : © — R% is a sufficient statistic, A are natural parameters. inverse Gamma, Wishart,
von-Mises, etc.

_1 a > 0 step size
A— A—aF(A)""Va€(qn) F()) the Fisher matrix

BLR is Natural Gradient Descent on A parameters.

Issue 1 The candidates Q is required to be an exponential family,

Issue 2 Not every A is allowed as a natural parameter, and the linear update rule could
overshoot the constraints.

Issue 3 Computing VE(qy) is not efficient in general but for special exponential
families.

'[KR21]: Khan, M. E. and Rue H., The Bayesian Learning Rule

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023
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Parametrizing Q by groups.

Group G acting on the parameter set O, also acts on distributions on ©.
Q is formed as the orbit of such an action for any base distribution ¢o:

Q={n(g)a: 9 € G}. Call g4 = m(g)qo.
translatio
QG --~"""g " -a7(g)q(d) = q(0 - g)
o G=(R,+),0=R,
A _ scaling -
P g\\\\\‘
by 7(9)0(6) = Lao(2) o G = (Rxo,x), © =Rso,
5 >

translation & scaling

(9)00(0) = La0(%52) o G=Af(R)=R,oxR, O6=R

9= (4,

p™

A

\J

Kiral, Mollenhoff, Khan

Lie Group Bayesian Learning Rule

Dec 2023

Optimization on the group

We now solve

arg min £(qy) = arg min/ qq log ( qgl )
geG geG ) —t

e T
Given X € g =T.G the differential in the direction of X is

%g(qgetx)|t_0 = % /@ Qgerx (0) 20(0)dv(0) + /@ Qgetx (0) 1og qg(8)dr(6)

. , t=0

(&

Vv Vv
data contribution entropy contribution

The data contribution can be rewritten as

/@ 4 (8) (Vo t(6)) T (Ad,y(X) - )dw(6) ~

=[

Kiral, Mollenhoff, Khan

Lie Group Bayesian Learning Rule
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Important aspects of a Lie-Group.

A Lie group is also a smooth manifold and directions makes sense.
Can take derivatives of paths on the group, giving tangent vectors.

There is a special map exp : T.G — G, which works as
a global retraction. Multiplying the whole path by a

g € G carries it to a neighborhood of g. So, directions at
g can also be parametrized by the tangents at identity.

But also other retractions can be created using the
exponential map.

A rich mine of examples of Lie Groups are matrix groups (e.g. invertible matrices GL(n),
orthogonal matrices O(n), matrices with determinant one SL(n)) with matrix multiplication.

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023

Classical Learning vs. Learning via Group

The point based gradient descent updates parameters: 6 « 6 — aV/{(0)
Bayesian Learning Rule(s) update the distribution over the parameters 6.

g < gexp(—aY)
7 (@

Y € T.G is the direction of fastest ascent of £(g,) w.r.t. the Fisher metric.

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023
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Solved issues

Issue 1 Q is required to be an exponential family.
Solution Can choose ¢q freely and push it around with a group.
Issue 2 The updates could overshoot and leave the manifold.
Solution Closure of the group under operation keeps updates on Q.
Issue 3 The gradient V,&(gy) can only be computed in special cases.
Solution Group action is the correct generality for reparametrization
LBy, [0 = Jo 20(0)(Vallg - 0)) " 42do
Also called pathwise gradient estimators®
Bonus 1 The Fisher metric is invariant under translations by G.

Bonus 2 The tangent directions Y at each step lie in the same vector space T.G, so they
can be accumulated from previous steps.

*Mohamed et. al. Monte carlo Gradient Estimation in Machine Learning JMLR 2020
Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023

Specific Update Formulas: The Additive Group

g € RY additive - g«—g—ak, [V@f}

1
L

/7

Instead of going in the direction of the derivative at g, the direction is chosen by consensus
with at points sampled from g,.

Kiral, Mollenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023
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Multiplicative and Affine Update Formulas

g <— gexp ( — a(]qu [00p0] — 7'))

g € Ry multiplicative =

(A,b) € Aff(R) affine group —
U

A +— Aexp(—aU)

where U=E,[(0 —b)0pl] — T
V = AE,, [0p(]

b — b+ x gl Ly

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023

Filters of the multiplicative group

excitatory

15 hidden layer

Label nodes in a neural network “excitatory” or
“inhibitory” like biology.

sparse weights

Magnitudes of the weights (in R~() are the
parameters (signs are fixed).

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023
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Multiplicative vs Additive filters

Model & Method Accuracy T NLL | ECE |
Dataset (higher is better) (lower is better) (lower is better) Additive rule is similar to SGD
MNIST add. 98.38.10.02 0.08340.001 0.01240.000 . T
MLP mult. 98.59:0.02 0.05810.001 00060 000 with momentum, multiplicative is
CIFAR-10 add. 58.8540.08 1.23640.002 0.08540.001 different. They both learn.
MLP mult. 59.1910.07 1.16010.001 0.02610.001

Kiral, Mollenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023

The additive vs multiplicative filters for RGB images

Kiral, Mollenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023
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Overview and Future work

The Bayesian Learning Problem is a promising and fertile setting.

The BLR of Khan & Rue both specialized to many existing algorithms and gave rise to
many new and successful algorithms.

Yet there are some issues with BLR such as: closure in the statistical manifold under
updates, and calculation of derivatives w.r.t. distribution parameters.

The group framework solves the closure problem by design and is able to very generally
employ the reparametrization trick.

Each new group would deserve an empirical study to investigate their learning behaviours
(like multiplicative vs. additive)

There may be implementation problems with arbitrary Lie groups,
e.g. the exponential map may not always be feasible to compute,
so approximations may be necessary.

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023

Tesekkiirler
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Stiefel Manifold Update

Assume parameters are given as a matrix and want to preserve orthogonality of columns.

© = St(n,m) = {0 € Mat(n,m) : 070 = Lyxm}

The group S = SO(n) preserves this manifold. And given a loss function £: © — R>g

Y € so(n) the update direction  V = SkewY, = YO_QYOT Yo =E,, [V ]

Here the distributions are parametrized by A € Mat(n,m)

QA<‘9) x e~ Tr(ATH)

and the update is given by

A e YA (actually an efficient variation is used)

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023

Koichi Tojo, Taro Yoshino's: “Harmonic Exponential Families" .

G a Lie group H < G. Let v be a relatively invariant measure on G 7 : G — GL(V) a
representation of G. Let o be a 1-cocycle of 7 such that a|H =0. So a: G — V satisfies

a(gh) = m(g)a(h) + a(g) = a(g). Soa:G/H—V
~——
=0
Let v be a relatively invariant measure on ©, meaning v(gE) = x(g)v(E) for some
homomorphism x. Let A € VV s.t. A(X) = log [ e~ Me@)dy(0) < oo. For such A

ax(0)du(0) := e~ MO =4Nqp,(9)
forms an exponential family satisfying

ﬁqx(g*@) = qrgn(0)  where (17(g)\,v) = (A, 7(g)v).

Kiral, Mollenhoff, Khan

Lie Group Bayesian Learning Rule Dec 2023
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Why call it Bayesian?

Let £(0) = Zfil 0;(0) + R(0). Observe new data (Xnew, Ynew) With loss contribution /ney .
How to update p,;? Take 7 =1
Bayes' rule is about conditional probabilities, and updating priors:

P(BJA)P(A)

P(AIB) = =

Interpret ¢ () as the likelihood of observing label v; given the model parameter 6 and x;.

Interpret 7(A) o< e F(?) as the prior on the parameters.
After one round of learning the posterior p oc e~ 2 Yir is our prior belief about @ distribution.
According to Bayes rule updated belief should be after a new data point.

Pupdated (9) X e—fnew(9)p(9) .

This is also the optimizer if we had initially considered the loss function £pdated = £ + hew-

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023

Exponential Families

Let T": © — V, called the sufficient statistic. Call

Q= {/\ eVV:Z\) = /@e_O"T(e»dy(ﬁ) < oo} . v

Then ¢\ (0) = ﬁe—O\,T(G)) form an exponential family of distributions. Q

s / Ti(0) z5ge” M A (0) = Bgya[Ti] = i
o

O Z(3) e A
9?lnZ
o = [0~ k)T0) ~ ) E)av(o)

iOAj

=E,, [(8%1 log qA) (%log qA)] =: F; ;(A)  Fisher Matrix

Example: If T'(0) = [992] then we get 1-D Gaussians ¢y (6) o< e=*19=226" for )y > 0.

Kiral, Méllenhoff, Khan Lie Group Bayesian Learning Rule Dec 2023
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The generalized Pythagorean theorem
on the compactifications of certain dually flat spaces
via toric geometry

Hajime Fujita (Japan Women’s University)

The dually flat space is a fundamental object in information geometry, which
appear as a geometric structure of a family of probability measures with “nice prop-
erties” such as exponential family. The dually flat space is a data consisting of a
Riemannian manifold (X, ¢g) and two flat connections (V, V*) which are dual to each
other with respect to the metric g. The Riemannian metric g of the dually flat space
is a Hesse metric, and hence, it admits a (local) potential function ¢ for a V-affine
coordinate and a dual potential 1) for a V*-affine coordinate. The potential functions
determine the Bregman divergence D(-|-) : X x X — R. One important feature of the
Bregman divergence is the generalized Pythagorean theorem, which is a fundamental
tool in statistical inference.

Toric geometry is an area which have a position in the intersection of algebraic
geometry, complex geometry and symplectic geometry. We focus on its complex and
symplectic aspects, i.e., the Ké&hler structure. Any toric manifold has a structure of
a singular Lagrangian torus fibration by its moment map and it associates a convex
polytope as its image which is of spacial class called Delzant polytopes. There is
a dictionary between toric manifolds and Delzant polytopes, and several geometric
quantities of given toric manifold can be converted into them on the Delzant polytope.
The description of the Riemannian metric on the toric manifold as in [1] tells us
that the interior of the corresponding Delzant polytope has a natural structure of a
dually flat space. This observation can be understood as a variant of Dombrowski’s
construction ([2]) which asserts a correspondence between Ké&hler manifold and dually
flat space, and it leads to the notion of the torification introduced in [4].

In this talk we explain an extension of the dually flat structure of the Delzant
polytope to its boundary following [3]. In particular we give a continuous extension
of the Bregman divergence to the boundary so that the generalized Pythagorean
theorem holds including the boundary points. A typical example is the complex
projective space CP™ and the probability simplex A" as its Delzant polytope. In the
language of information geometry this setting is the family of probability measures on
the finite set [n + 1] = {1, -- ,n + 1} together with the expectation parameter. Our
result offers an framework to handle the generalized Pythagorean theorem including
the zero probabilities.
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The generalized Pythagorean
theorem on the compactifications
of certain dually flat spaces

via toric geometry

Hajime Fujita
(Japan Women'’s university)

based on : arXiv:2305.08422 [math.SG], Information Geometry (published online).

Self-introduction & personal background of today’s talk

My research area : symplectic geometry
(Geometric Quantization of Hamiltonian torus manifold using Dirac operators,
metric geometry of toric simplectic manifold)

[Submitted on 4 Mar 2020]
Distance functions on convex bodies and symplectic toric manifolds

Hajime Fujita, Yu Kitabeppu, Ayato Mitsuishi [Submitted on 7 Jan 2020 (v1), last revised 1 Mar 2021 (this version, v3)]
In this paper we discuss three distance functions on the set of con Deformation of Dirac operators along orbits and quantization of non-compact Hamiltonian torus
in symplectic toric geometry. By using these observations, we deri mnanifolds
distance.
Hajime Fuijita
Comment Ms: 19 pages

We give a formulation of a deformation of Dirac operator along orbits of a group action on a possibly non-compact manifold to get an equivariant index and a K-homology
Subjects: Metric Geometry (math.MG)

cycle representing the index. We apply this framework to non-compact Hamiltonian torus manifolds to define geometric quantization from the view point of index theory.
We give two applications. The first one is a proof of a [Q,R]=0 type theorem, which can be regarded as a proof of the Vergne conjecture for Abelian case. The other is a
Danilov-type formula for toric case in the non-compact setting, which shows that this geometric quantization is independent of the choice of polarization. The proofs are
based on the localization of index to lattice points.

Comments: 27pages. Due to refer
Canadian Journal of Mathematics
Subjects:  Differential Geometry (math.DG); K-Theory and Homology (math.KT); Symplectic Geometry (math.SG)

eral expositions are rewritten, and typos are corrected. Especially descriptions for non-abelian case are withdrawn. References uploaded. To appear in

| am an armature of statistical theories and machine learning.
Two years ago | started studying information geometry just from curiosity.
| leaned a connection between information geometry and Kahler geometry.
Last year | met Tojo-san (he was a part-time lecturere at my university) and
| attended his lecture on information geometry. At that time we had a

conversation, and Tojo-san presented me a paper :
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Self-introduction & personal background of today’s talk

[Submitted on 10 Sep 2021]

Kahler toric manifolds from dually flat spaces
Mathieu Molitor

We present a correspondence between real analytic Kéhler toric manifolds and dually flat spaces, similar to Delzant correspondence in symplectic geometry. This
correspondence gives rise to a lifting procedure: if f : M — M’ is an affine isometric map between dually flat spaces and if N and N/ are Kahler toric manifolds
associated to M and M, respectively, then there is an equivariant Kahler immersion N — N'. For example, we show that the Veronese and Segre embeddings are
lifts of inclusion maps between appropriate statistical manifolds. We also discuss applications to Quantum Mechanics.

Subjects: Differential Geometry (math.DG); Information Theory (cs.IT); Mathematical Physics (math-ph); Symplectic Geometry (math.SG)

In this paper a correspondence between a specific dually flat space and a
toric Kahler manifold is discussed.
Molitor treated the “open dense part” of toric manifold. | tried to capture

the behavior on the “compactification of it”.

As a result | got an application for the divergence on the boundary,
the extension of “the extented Pythagorean theorem”.
Unofortunetely | do not have any statistical applications so far.

Please let me inform and have a diusscusion if you have any idea or insight!!

Contents

§1. Dually flat space and its example

§2. Dually flat structure on a convex polytope

§3. Delzant polytope and toric symplectic manifold

§4. The “generalized” generalized Pythagorean theorem

§5. Further discussions
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§1. Dually flat space and its examples
AN A~

deomethHc Sthucture which oppeats
in  Stotistical mode| zhclo\olihg
expohentinl Tomily

§1. Dually flat space and its example

/—DL'E A dually Tt spoce i€ a daty
(X, h, U, T*) Comsisting of
*(%.h) ! Riemanmion manifold

‘U and VF are danl to enh othe Wikt |

§
Ve(hCVa, Us)) = hUSVa, Vs )+ hUA, T V)

"V Ve V3 € P(TX)
'V oand VF are Tt wvecions of TX.
k T torsions 0, chrlatunre=0

L_U" V) is called o dually Tt structure o X
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§1. Dually flat space and its example

ﬂsﬂa (X, kL, v, 7% “duslly Flat
Q{BI =(9t<,~~~, L) (local) Coordinate O'f X
=) | ® functton on K.
s.t. %tl\ X 1§ U-afie Va:,eéa{,:o (Yi,3)

(2\ L‘ = Hesgxce ‘, l\ (_h;la% ) - &i2 (:1
19

|j3€_lc. © ic olleg & potentinl of (b, V)

1. Dutaly i iriaca atil itk dxanipla
Prop (%, 4 v, v¥ ~dually Fiat
L=, WW) . PRy ar in (W% (2)
= {33: 90~ 2 98 @ Uoeal) Coorlinate of X
=%y | . Funttton on X,
st (4 s P%odfine V3, 9y, =0 (Yig)

J

@ § =9 d R
& ¢ g the legendre dupl 0 @ :
L LR+t - A-9=0

rﬁ Y is called the dual affine urdinate,
| ¢t coled the ducl potentia| of @
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§1. Dually flat space and its example
)_ﬁ For o duwally Tt sece (X, 4, V, v¥)
the two-tnHeble Tunction
D e == fR
(2 i'\F—-ﬁ D(k )
= Pxd) +F () — AR
L_;S celled the (Bl—egm‘j olivergence.

The cdliverjence Cow be ‘cl\ov\%w( 6 G VoWt oF
the “Square of the distonce Function’ on (K L)

§1. Dually flat space and its example

Prop  DPQG,2120 Tor Y(3) eXxnx.
mad DEFI=0 & tei

?L\_W\. (_TL\C aer\ero\h%@o( WOF&D\P\ -['I\QOMM-\)

For §,1, f,eX, IT:
3 £

v—a‘eodeﬁc\Q

£,
then D(§(,§g) :D(g’,,fz) +D($=: ?g).
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§1. Dually flat space and its example

The Tollowing 9tres the €xouple of our dually Flat Space.

P[—op U . Of-‘-eh Shhget in &l 0\+‘Fm-e spo\ce
with the 4rvionl Flat conne Ction VY,

P U—R  smooth Conrex 'Ft/\hcﬁbn
Hess® = ¥, (d) > 0
= (Hesc® ) is a dually flot st on U

with duo| wTfire coord. Y=irnnp

TE_% UCR" with st wordinete (X, -+ An)
L, _'—‘> vo = ;%'dgx‘ / e Cf)

(55},

§1. Dually flat space and its example

S&%waky

Any duslly Flrt space (X, h, )

Nesse
determines the divergence

Dt Xx X—R.

which satisfies the aemmllze{ Py‘(‘l\c\gore&k 'l‘kw\,
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§2. Dually flat structure on a convex polytope

§2. Dually flat structure on a convex polytope

P\ convex polytope in R" defined by
N - ihequalities :

[ | _oR
QY (%)= yvﬂ-} -t[_ﬂ\wgo (i=L2 ) |
| ¢ |

ihwotd horwa| Vectorerr  (Sey |
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§2. Dually flat structure on a convex polytope

M DeTine CptP—R by
E Tp(3):= glm(ﬂ/o@j“’(}]
i colleol the Guillewin potentis| of P

Prop Pp S Continuos on P owd
Smooth Cohvex on P =int(P)

dually Hot sp. | L 29¢)>0, (Vi)
(ﬁ/ Hegscep

§2. Dually flat structure on a convex polytope

Teke o foce F of P detemmined by
20 =~ = AP G 0 (RadimF)

ANEN®, -, AWIG) Z0
Pefine YciF—>R by

GEC0 = Y k"(m lo; ﬁc’ (n)f

f=n R

%Tx

/ N
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§2. Dually flat structure on a convex polytope

P’—oE CPF .F—\)P (< COV\"H“(AUS On F

omel Smooth convex on 'g:“‘*(,[:).

LQjo(w,\lly ‘F(o.-l- sp (F He&sCPF) 1

P\= F (sl
£ \Fepetes Tole

([3, Hess%)
LL) DP‘.(leg-——>[R

§2. Dually flat structur a convex polytope

Pl-op \A/e howe 'H1e *Po[lowmj com‘mqny".
ltm l"’“ D (§ §) DF(W W\)

o Y
T’\\/\\\/\\/\\\/\\’\ f
RQ
{ianaa
P
/ X

N5
TN~

Eie_”" i, !rm is not valiof.
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§2. Dually flat structure on a convex polytope §l

Exomple Py ¥20 §20 I~ +3)20 ":
Guillemin prtentia ) AN

’ CPPB):s. (%E( +3; qusz + (¥~%.) l%’("t“sz)

retH ¢ (+ ( [
. Hesscf’p:(?a I=%-3, =55, j

( ( (
lw%"'*’- -§.+ (=3~ 2.
tluel coorc] 3
AR (lgfe i) S (4 4)
diversence 3 s
™ DPG/S \ = §| lvjh‘rT Ez ,%TZ‘-" ((‘§)\§)\lq%7_f;‘;
28,3 . ¥= Ry € B .

§2. Dually flat structure on a convex polytope

Exawple Touke a Face F as §+3,=0. %

(continued] Nk

o o= N logM+ (1= log (1~ F—Soh
o Hess9r = .,l\ + ","I

o Dr(, )= Mg + (=) l%ﬁ,

Xou con see

l{‘rn g:,\,\DP(i, V)= DF (n.%)

LT R for 1N >0,
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Question
Con we geneloze

the generalized Pythagorean thm.

va\

MO  thterior ound Bow\do\yy points ?

My answef N/
L did it when B Delaast Ny
by using * toric deometry” N
0 e S N N Y
Ey the woy 2

Stutisticion Syvplectic johater

This P is the
Set oF o[ probabilities
on the three points
QA= 1237

Dp s the KL-divergence

e

=mMomert map imoge
of ¢p*
NN




Statistical Theories and Machine Learning Using Geometric Methods 43

§3. Delzant polytope and toric Kahler manifold

§3. Delzant polytope and toric Kahler manifold

.E PCR": tonrex polytope is De|=owt f'f‘:

* P is simple, ie, each vertex hac
exactly h'~e0/9€&
' P is totional, ie, each edge has
ditectionals
veCtorg € 21
) P s SMOO‘H’\, r.€., directional vectors

nf ench rertex Form
a Z-hasis of 20
— non-Delzont ‘

hkﬂc &MT | Delzort
f *_\ )
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§3. Delzant polytope and toric Kahler manifold

FACT (beleont construction) —

P Delzant polytope in R*

~7Mp ¢ foric Kihler md
M dimgMp=2M

Whot is o toric K&hler mfd?
ANV\/M/\N

EXCUSE @9
SVW‘PlefﬁC M"Fd WH‘[\ I do nat sive the predise definition
of toric Symplectic/ Kahler wonifolol
* "'OI'US‘ aCtion because vF Fhe constramt of time.

hice’ ¢ * Riemonwion wmetrc
v complex Structure
. W\D\P M . Mp’-—»P

§3. Delzant polytope and toric Kahler manifold

FACT (beleowt construction) —
P Pelzant polytope

~33Mg ! tore Kathler mfd
{ )
M dﬂhk MP =2h

In Toct, the converse direcrion holds (M(M): P\

Ex.
= Deteet —
HM(;:(EP'X Cp!

mY L

A Mp=Hiraebruch
surfuce
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§3. Delzant polytope and toric Kahler manifold

Fundomentol| relation between M=Mp& P

(i The map M:M—>P is called

the moment nap which g

in Toct the guotient mep.

¢ Tixed ptg
il

—_ L
[ QP E— P = @SLOPQ'{T

@) M:M—P is & siigalar Loghongion
torus Fibrotion,

Q1 P poromethizes The principal OFbits.

§3. Delzant polytope and toric Kahler manifold r }1
h*?.

= (1) i
(u(()\’;."('z ~N M=< (qbz = (@~ D)/C" ;ﬂ——e P C [{e2
w w v
tetr) Ro2.2ZF > (RY 1A
1 2+ (2:!2~(~(2§[2_
(62 ta2.,
{ 2&] E: ;.‘_1_ iz:' \
(G) ) Mez M7(F)
He s =§L2.2.,20 | %~ 0

= CM (B

3 Q*EF:U’: CR
(M, \=M)e—

w {2
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§3. Delzant polytope and toric Kahler manifold

Stahhma Yy MY Mg
y) \,t@
~/
7‘[3(:

prtentie|
(PF ¥ P(: —R

POR«

diversence
DF ! igpx IS(:.—)[?

§4. The “generalized” generalized
Pythagorean theorem
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§4. The “generalized”generalized Pythagorean theorem

Thm, Pt Delzont Polytope. e~ MitoHc Kihler
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§4. The “generalized” generalized Pythagorean theorem
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§4. The “generalized” generalized Pythagorean theorem
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§5. Further discussions

§5. Further discussions
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§5. Further discussions

Apslications to statisticol inference ¢
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§5. Further discussions

Relotion with Makajima=Ohmotds thepry

The dually flat structure for singular models

Naomichi Nakajima, Toru Ohmoto

The dually flat structure introduced by Amari-Nagaoka is highlighted in information geometry and related fields. In practical applications, however, the underlying pseudo-
Riemannian metric may often be degenerate, and such an excellent geometric structure is rarely defined on the entire space. To fix this trouble, in the present paper, we
propose a novel generalization of the dually flat structure for a certain class of singular models from the viewpoint of Lagrange and Legendre singularity theory - we
introduce a quasi-Hessian manifold endowed with a possibly degenerate metric and a particular symmetric cubic tensor, which exceeds the concept of statistical manifolds
and is adapted to the theory of (weak) contrast functions. In particular, we establish Amari-Nagaoka's extended Pythagorean theorem and projection theorem in this
general setup, and consequently, most of applications of these theorems are suitably justified even for such singular cases. This work is motivated by various interests
with different backgrounds from Frobenius structure in mathematical physics to Deep Learning in data science.

Comments: 29pages, 5figures
Subjects: Differential Geometry (math.DG); Mathematical Physics (math-ph); Statistics Theory (math.ST)
MSC classes: 53B12(Primary)
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§5. Further discussions

Relation with Nakajima—Ohmotds theory
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Doubly autoparallel structure and

curvature integrals:
An application to iteration complexity analysis of
convex optimization

Atsumi Ohara
University of Fukui, Japan

ohara@fuee.u-fukui.ac.jp

Abstract

On a statistical manifold, we can define autoparallel submanifolds and path
integrals of the second fundamental forms (curvature integrals) for its primal and
dual affine connections, respectively. A submanifold is called doubly autoparallel if
it is simultaneously autoparallel with respect to the both connections.

In this presentation we first discuss common properties of such submanifolds. In
particular we next give an algebraic characterization of them in Jordan algebras and
show their applications. Further, we exhibit that both curvature integrals induced
from dually flat structure are interestingly related to an unexpected quantity, i.e.,
iteration-complexity of the interior-point algorithms for convex optimization defined
on a submanifold that is not doubly autoparallel.

This is a joint work with Hideyuki Ishi and Takashi Tsuchiya.
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Introduction
Doubly autoparallel (DA) submanifold

e natural notion in information geometry with symmetry
* sometimes appears but much attention has not been paid

e important applications in statistics and optimization
« convex optimization on symmetric cones (e.g. SemiDef. Prog.)
« MLE of structured covariance matrices
< means on symmetric cones
 and so on.
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Introduction

A goal of the presentation is to demonstrate
e Characterization of DA submfds in a symmetric cone
o If the feasible region of SDP is DA
=» an explicit formula for the optimal solutions
o If the feasible region of SDP is not DA
=>» curvature integral evaluates an iteration-complexity
to obtain the optimal solutions with IP algorithm

/butline

Doubly autoparallel submanifolds
Preliminaries: Dually flat structure on a symmetric cone
Characterization of DA submfds in a symmetric cone
e Applications to
- SemiDef. Prog. (SDP) - MLE for structured cov. mtx.
=> explicit formulas for an optimal solution for them
Non DA case: curvature integrals

e Iteration-complexity analysis for conic linear program (an
extension of SDP) via an Interior-Point algorithm

e Application to primal-dual path following methods

Concluding remark
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Information geometry (amari & Nagaoka 00]
Def. Statistical manifold: (S, g, V, V*)

Xg(Y,2) = g(VxY,Z) + g(Y, VX Z)
X,Y and Z :arbitrary vector fieldson S

* (¢ : Riemannian metric

* (V,V*) : torsion-free affine connections
RY =0, RV =0 ™ dually flat

1+« 1l —« ;
V 4+ —V*: a-connections

(@) —
x v 2 2

5

e

D

oubly autoparallel submanifolds
[Uohashi&O 04] [0IT23]

Def. Let(S, g, V, V*) be a statistical manifold and M
be its submanifold. We call M a doubly autoparallel
submanifold in S when the followings hold:

VX, Y e X(M), VxY € X(M)
i.e. Hy(X,Y)=0
- VX, Y € X(M), VY € X(M)
I.e. H}Q(X, Y)=0
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Important Properties

Proposition 1 The following statements are equivalent:

1) A submanifold M is doubly autoparallel (DA)

2) M is autoparallel w.r.t. the x-connections
V@) = {14+ a)V+ (1 —a)V*}/2

for two different «’s.

3) M is autoparallel w.r.t. all the « -connections.

M (if it is simply connected).
5) M is affinely constrained in both V- and V*affine
coordinates if S is dually flat.

4) all the & -geodesics connecting two points on M lay in

Furthermore, for a parametric statistical model S
If M is DA in S, then a-projections from p to M are

unique for all a.
LSY
M is simultaneously an
)

v(.geodesic exponential and mixture
family

p(x)

pPo(x) 2
</,/ﬂ-6rojection =arg min D(Y)(p, M)

\-
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Related topics and applications

Symmetric cones
» MLE for structured covariance matrices is tractable
(cast to convex program: inversely linear structure)
[Anderson 70, Malley 94]
» Explicitly solvable Semi-Definite Programs [O 99|
» Structure of a-power means on symmetric cones [O 04]

Related topics and applications
Probability simplex

Statistical models Markov-isomorphic to the
probability simplex [Nagaoka 17]

Characterization and classification of DA submfds in the
probability simplex via Hadamard algebra [O&Ishi 18]

» Learning theory [Mutus&Ay 03]
Miscellaneous

The self-similar (Barenblatt-Pattle) solution for the
porous medium equation [O&Wada 10]

General statistical manifolds

» Purely geometric study [Satoh et al. 21] 10
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e

e rellmlnarIeS [Faraut&Korani 94]

Euclidian space E with an inner product (.|.)

Symmetric cone ) : open and convex in E

e homogeneous
G(Q) = {r € GL(E) | 7(Q) = Q}acts transitively
e self-dual w.r.t. an inner product of E
g=0 Q" ={yeE| (x]y) >0,Vx € Q\{0}}

Euclidean Jordan algebra (V, *)

e commutative

o x?x (xxy)=x*(x**y), wherex?=xxx

« Tassociative inner-product (x * y|z) = (y|x*z) on V
Prop. Q = int{x2 | x € V}isasymmetric cone in V(=E).

11

Lz): V>V Lkx)y=x=y

P(z,y) := L(z)L(y) + L(y)L(z) — L(x * y)
Mutation: * L, y := P(x,y)a

isomorphic to %, the unit element:a~*
Ex. the set of real symmetric pos. def. matrices PD(n,R)
V=Sym(n;R), XY =(XY+YX)/2
7¢(X)=GXGT, GeGL(n,R)
(X]Y) = tr(XY), theunit: I, the inverse: X!

X 14Y =(XAY +YAX)/2

12
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Dually flat structure on Q

Logarithmic characteristic function on Q

P(x) = log/ e~ g,
J O

» positive definite Hessian on €
o x~1 = —grady (x), (gradf(z)|u) = Dy f(x)

S

i

» a coordinate system (x'): x= ) x'e;, {e;}!, :abasisof E

i=1

a dual coordinate system (s;):

=t =" sie', {e'};:abasis of E with (¢‘le;) = —65.
13

D : the canonical flat affine connection on E
0

{21, ... 2™}: affine coordinate system, i.e., Dim =0
. . . ozt O
g : Riemannian metric on {2 -
O
g = Ddy = ———dx'dx’ .
— Jx'dx’
2,7

D': the dual affine cohnection on (2
Xg(V, 2) = g(DxY, Z) + g(Y, Dy 2)
[ (g, D, D’) : dually flat structure on Q ]

14
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Expression via Jordan algebra

Dually flat structure on Q [Uohashi&O o04]
- Potential= log. char. func.v(z) = -log det x,

oxt’ OxJ

- ¢-connections: ( (‘5) PPy ) —1)(e; L1 ej)
Ex. On PD(n,R)
- YP(x)=-logdet X, (X = ZleE )

Jg 0 -
gx . - | = tr(X 'Ei X~ E‘,-)

Oxi” OxJ

= (V“j’i) :"_l(EX E;+E;X'E)
X

- Riemanian metric: ( o0 0 ) (P(x)eile;)» Pl@):= P(z,x)

15

Characterization of DA submfds in Q

Let W be a linear subspace in Jordan algebra (V, * ) and
P = ¢ * ¢ in a symmetric cone ().

Thm. [OIT23] The following 1)-3) are equivalent:

1) A submanifold M = (W + p) N ) is DA, where

W+p={w+plweW}

2)ForallxinM, u 1,1+ ve W, (u,v e W)

3) The subspace P(q)~'W is a Jordan subalgebra.

Rem. (a) 3) is able to be checked at the single point p

(b) M ={W' +p1)nQ}~1 with W' = P(p)~'W
The proof is based on the property 5) in Prop. 1 (p.6)

16
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(c) Implication: Classification of DA submflds in
Q reduces to that of Jordan subalgs of (V, * ).
(For V=Sym(n,R) cf.[Jacobson 87|, [Malley 87])

Ex. - Jordan subalgebras in Sym(n,R)
1) fixed eigen vectors, 2) doubly symmetric, etc.
- Two bases {E;}7, and {F'}!", of Sym(n,R)
M={P|P=E,+ f:xE Jz = (2') € R™} N PD(n)

i=1

M={P|P'=F"+) sF' 3s=(s;) € R"}NPD(n)

i=1 -

T

~Application(1) Means on Positive Operators

Def. (Axioms of means) [Kubo & Ando 80]

O is a mean on self-conjugate positive operators
«i) ASC, B< D= AcB < CoD
«ii) C(AocB)C = (CAC)o(CBC)
viii) Ap J A, Bpnl B= AnoBn | AcB
def

where A, | AS (A; > Ajy1,Vi) & (Ap — A)

civ) Jol =1

18
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a-geodesics on PD(n)
a-geodesic P(s) boundary conds. : P(0)=A, P(1)=B
p(e)(g) = Al/2 {[(A—l/QBA—l/Q)a s+ ]}1/(1 A1/2
a=1 P(s)=A+s(B—A)

a=0 P(s)= Al/2 exp(slog A‘l/QBA_l/Q)Al/2
a=-1 Ps)={At+s(B7t A"}t

AN
)
Sy
|

P(1/2
Pilizi P(@)(1/2):a power mean

= P*(1/2)

S
> ©
& W
|l

19

Means and a-geodesics on PD(n) [O o4]

Thm. Points on a-geodesics for s in [0,1] and « in [-1,1] are

2-param. family of means, i.e.,

Aol B = p(@)(4) =

In particular, for fixed s in [o, 1]
P (s) > PB(y), .
1>a>p8>-1 AGH ineq. (s=1/2)

Cor. A and B are in a DA submanifold M
_ Ac$¥Be M, se[0,1],a € [-1,1]

20
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App.(2) MLE for structured covariance matrices

 a sample covariance S in PD(n,R)

 a zero-mean Gaussian p.d.f. with a covariance mtx.
p(z) = (2m)~/2(det =) ~1/2 exp{—SzT =1z}

e structured covariance mtx. (with linear constraints)
> e M= (Eg+W)NPD(n,R)
Ex.
e Toeplitz matrices: {T" = (t;;)|tij = tji = yi—j|}

* zero-patterns : (¥ = (gij”gij =0, =0, (i,]) € £}
* etc...

21

MLE for structured covariance matrices

Negative logarithmic likelihood func (up to const.):
/(X) :=—logdet= 1 +tr(~x~18) > min
e Rem Note that —log det is a convex function.

If M is DA (inversely linear structure), then the
minimization problem of (%) (MLE) s.t. 22 € M

is a strictly convex program.

—

Unique solution if it exists,
Numerically tractable (optimality eq. is linear)

22
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“App.(3) Convex program
Affine-scaling method and IG
' General convex program: Convexset M Cc R" ¢ € R"
minimize CT;'IT_._ st.reM
Y¥: a good convex barrier function for M,
1) W(x) = +o0 (x = bd M), 2) h: p.d. Hessian, 3) self-concordance
» Gradient flow for Riemannian mfd (M, h)

T = d]—; = —h(z)"te, 2(0)e M (f/;
x(t) ( éffine—scaling trajectory \y
(numerically traced)
' Legendre transform = linearization
: o . ~ :
§=—¢ si=go 0= L...on, §:= —til?ooct—l—s(())B

»mpOpt. sol. is 7 = grad?*(5) *('inverse Legendre trans.)

» However, we need to solve the nonlinear eq. § = grad¥(2)
because getting the explicit form of ¥* from ¥ is difficult.

If we know the explicit form of ¥* = a formula * for 7

(dea: 1) 2: sym. cones = (x) = -log det x, P*(s)=-log det s, -
1

Legendre transform: z — s = 2~
2) M isrealized as a DA submfd M = (a+W)N{2 in Q
\_ 1) & 2) =linearized AS trajectory stays inM and Z = s~

1

24
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Typical Example: SemiDefinite Program (SDP)

min%nize (C|P), st. P = Eqy + Z:z"iE; e M = (Ey+W)NPD(n)

i=1

If Mis DA in PD(n) and P € M
1.Set FO =P ! FP = _P~'E,F~!, then

M={P|P7'=F"+> 5F' 3s=(s;) € R"} N PD(n)
=1

e 2.Solve C € span{F'}”, meeting

VP e M, (C|P)=(C|P)+ const.

25

¢ 3. Spectral decomposition

~ INNOAWA
C: (Vl ‘/2) (Ol O) (xéT) = VIZIVIT
e 4. For VPy € M with Sy = Po_l, the opt. sol. is
P = lim S(t)~" = lim (—=Ct 4 So)~' = P, — P,Vi (V' PoV4) 'V P

t—00 t—00

Rem. Independent of the objective function (C|P) and
an initial value Po

26
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In

terior point method (IP) ”
for Conic linear program

s

Notation :

* Vector space E of dimension n

* the dual vector space E*

* (8, x): Paring Ef>s E>«x
* () :proper open convex cone in E

(2*: the dual cone of )

o

o

T (Orthogonal) dual subspaceof /" C F

QF .= {s € E*|(s.x) > 0,Vz € Q\{0}}

Conic Linear Program
Given

ce ", feFand T C E

* Primal problem

minimize (c,x), s.t. x € P,
where P := (f+ 1) N,

(P)

* Dual problem
o maximize (s, f), s.t. s € D,
D .
where D := (¢ +T7) N Q"
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Typical Examples

Linear program (LP):

J— * n >|<_
E=F*"=R" Q=Q _|__|_

Semidefinite program (SDP):

E=E™ : the set of real symmetric matrices

Q = Q* : the set of positive definite matrices

Second order cone (Lorentz cone) program (SOCP)
Mixture of the aboves

29

U-normal barrier on an open convex cone Q

[Nesterov & Nemirovski 94]
Def. 6-normal barrier i) on Q
A (smooth) convex function  satisfying, at each x in Q,
1) V(ta) = ¢(a) — Vlogt,
2) \(D2d1/2)x(X,X,X)\ < 2(<Dd¢)m(X’X))3/2[self-concordance]
for y > 1, vt >0and VX € 7.2 = F
3) P(x) = +oo (x — bd Q),

Rem. (a) Existence for all Q, but not with explicit forms
(symmetric cones =» Yes, log. char. func.)

(b) the Hessian is positive definite
(c) Self- concordance —the Newton method is efficient

Ex. ¢(z) = — Zlogx’(LP), Y(x) = —logdet X (SDP)
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=

Dually flat structure on Q (wevisiteq)

» D : the canonical flat affine connection on E

o {x1, ... 2"} affine coordinate system, i.e.,

® D': the dual affine connection on £
Xg(Y.Z) = g(DxY.Z)+ g(Y.D\ Z)

[ (g, D, D") : dually flat structure on ]

0
® g : Riemannian metric on (2 D 9 o5 =0
ozt 0L
= Ddyp = %) dx' da’

31

/
Remark
{51, .5, }:dual coordinate system on E* , s.t.

(s,2) = 3, si(s)2% ()
» Gradient map ¢ : Q — Q* defined by

3

DY

7

induces dually flat structure on Q* from(g, D, D’)
(1) D™ : the canonical flat affine connection on E*
D} xyx(Y) = (DY) (W*D* = D)

[ D* -autoparallel in Q* <4mmm) D’-autoparallel in Q ]

$; 0L = ——— Legendre transform

32
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//// : 7;74%&‘\.&,;:{4;:77 E— 7//
Remark
(2) Riemannian metric ¢* 1= D*dv¥* on Q*

G) (ts(X),Y) = —g.(X,Y)

Hessian norm : We denote the length of Xin7,.{2 = I/ by

Xz == 1Z]ls = V9:(X, X) = Vg2(Z, Z),

where s = 1(x) and Z = 1, (X).

33

“Curvature integral and
iteration-complexity of IP

One of important computational performance indices
for optimization algorithms is the iteration-complexity.

* (J:sym.coneand P := (f+7T) N is DA
= iteration-complexity=o for (P) (
» General case? Iter.-comp. is characterized by
e Curvature integrals along the central trajectory yp

[ 18 GROAp)L de

t1

e Similarly, for (D) curvature integrals along the dual c. t.Yp

| G0 )]

34
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Ce nt 'a I t raJ eCtO ry (= the special A-S trajectory)

e Primal problem: minimize (¢, ), s.t. x € P,
where P := (f + 1) NAQ,

|

o X (t) =P (t) : the unique minimizer of
minimize t{c, z) +1(x), s.t. x € P.

foreach t > 0
* yp = {yp ()t > 0}:
(Primal) central trajectory

et e 77?::?\
//

=

Central trajectory 7p

* Homotopy path to the opt. sol. of the primal problem,
i.e., x(t) converges when t —oo,

* Numerically tracing 77 is the standard and efficient

way to solve the primal problem.
TP

Path-following method \ ( /f
d W

Idea: consider the problem in the :

‘\
\ 5 %

the complexity with the curvature)

7
'
e
e
'

dual cone Q* in order to relate 0O

'
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(1)Representation of feasible region
e alinear surj. operator A : F — R s.t. KerA =T

P ={x e Q|Ax = b},

D={secQls=c— A%y, yc R"}

where A* : R™ — FE*satisfying y' (Az) = (A*y,2),
b:=Af € R™

e dim P =n-m, dim D =m
[7) is D-autoparallel and D is D*—autoparallel]

37

(2)Homogenization (conic hull)

* homogenization of D in Q*

Hom(D) := | JtD, tD = {s € Q*[s =15, § € D}

>0
e D*-autoparallel A
(because D is.)
Hom(A
e dim Hom(D)=m+1
A

Q*

Homogenization 38
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Lemma

The following relations hold in Q*:
t(yp) = t(P) N Hom(D)
s(t) .= (x(t)) = (P)NtD
proved using the Lagrange function
L(z,y) == t{c,z) +¥(z) +y (b — Ax)
0L/0r=0 — se€tD

[73 is DA = «(yp)is D*-autoparallel
Remark

t(P) and tD are orthogonal

N/

w.r.t. ¢"at s(t) by definition.

39

\

~3. Geometric predictor-corrector
algorithm (tracing vp in Hom(D))

Ideal case

* Predictor [\ﬂ QF
From s(t) € «(vp) Hom(D) 5
tos; (t + At) € (t + At)D | :(t + AHD
with the direction tangent
to ¢(7P)
e Corrector

Fromsy(t + At) € (t + At)D
to s(t + At) € v(yp)

40
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Intuitive observation

* Hn(yp(t),¥p(t)) :the Euler-Schouten embedding
curvature (second fundamental form) of ¢(yp)with
respect to D*

o If Hp(Ap(t),p(t))
iteration number !?

Actually,

is small at ¢, so is expected the

[S—D $=1.(Hp(yp,¥p))

41

.

Remark: practical case

» Cannot expect that the corrector returns

precisely on t(7p)
Hom(D)Y >
W(vp) <<t+At’>D

:L[‘(t -I- At)

* Consider the point 5
in the neighborhood of
s(t) € u(vp) in the sense
of Riemannian metric

Ni(B) :={s € tD]d(s) < 5}

42
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gt
=

Predictor

» The differential equation expressing «(vp):
1
§=(d =TI )e = z(id —TI3)s

where 11 is the orthogonal projection w.r.t. g*
from £° to 1" = RangeA™ ats.

» Hence, the predictor is defined by
Sp(t+At) =54+ At(I —T)c € (t + At)D

43

/// o

Corrector

Reduces to the following convex optimization on #D:
minimize F(s) := (s, f) +1*(s), s.t. s €tD
Newton direction N for this opt. problem:
D*dF(X,N)=—dF(X), VX € X(tD)

e Newton decrement: measure of approximation of s to
the optimal sol. s*

0(s) = [Nl
We define the corrector with a single Newton step by:

5T(t+ At) :=5,(t+ At) + Nz, (t+a1)

44




76

OCAMI Reports Vol. 2 (2024)

Tubular neighborhood

* The standard analysis technique in IP ensures the
polynomiality of the complexity for this path-following
strategy if all the generated points are near to ¢(yp).

* Introduce the tubular N(3)
neighborhood N (3) of t(7P) /
/4
N(B) = U Ni(8),
te(0,00)

where N¢(3) := {s € tD|d(s) < 3}.

45

4. Curvature integral and asymptotic
iteration-complexity (Main result)

 Assumption: t(7P)is not D*-autoparallel(i.e. P is not DA)
In this case, 7 — 0 implies that At — 0
* Theorem
For0 < t; < ty and $1 € N(5) Nt1D | let t(s1,t2,3)
be the iteration number to find s, € A (3) NtoD. Then,

lim \/B X ﬁ(sthﬁ)
B—0 [’p(tl,tg)

=1,

where
“to

Pl = [ G0 Ol




Statistical Theories and Machine Learning Using Geometric Methods 7

Outline of the proof

* Evaluate the Newton dec. of the predictor 5, (¢ + At)
by [|3(t)lls (Foreach iteration)

Q*
+ At)) Hom(D) >

o(5L(t
= |[s(t + At) — 5.(t + AD)|[s, (t+at) + 74 L(’n:)g (t+ AP
A) S50+ A1)
” ()||s(t)+(5( )‘l'?“l + ro + 13, sLt+At)

Rem. By the assumption
When 8 — 0,
0(s) - 0,7, -0 fori=1,...,4,

47

Outline of the proof

* Self-concordance implies the following two inequalities:

Intermediate two relations for sufficiently small At and j3.

(For each iteration)

. (1—n)B(1—0(/B) < Vi — /M35(3)

At
< = || 1/5) + ‘7“1 —|— A[g At

A
o ZLIs@)1Y2 = il - V(A

\/§
< Vw +/M3d(5) < VB +0W73)

48
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/ 2 e ==

Outline of the proof

» Take summations of iterations

f(s1,ta, [3)

. VTSI Y 0-0W)
_/ 1/2 it M\ Al
NG
to
. L[ 150115 dt = M/ At o

V2 )i
t(s1.t2,0)
<3 Z (1+0(/3))
° Recall[S — D* _ (HP(A/P:A/p))] 49
/ — :7’\
Remark

* An asymptotic result for 3 — 0 (and hence, At — 0)

e P isDA = 1(vyp) is DA (D*-autoparallel) = At—oo
= explicit sol.

» The same argument holds for the dual problem.

* The results are valid for general convex cones

50
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loglo(l/t)

Numerical experiment

(.

'.+9“%Oooo
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s e TR
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. + * o
+
% o
+ o
*
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The number of iterations

B =1/4, +: 3 =1/8, % :

log, (1/t)

o Curvature structure of CT for a certain LP

[,
L %%%%@%
M%
6 %5,
%%%ag%@(i |
0 S
5 PR y

(The number of iterations)x f

B'=1/16,0:3=1/32)
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Curved part is Straight and

Straight part is Curved?(1)

Figure 7: Exaple Figure
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gt
=

Proposition

‘ vV 20
It holds that || H5 (4p,4p) /2, <

() = ¢

1) : a constant determined by ¥ ()

* Remark
The above proposition gives the upper bound:

Ip(ty,ta) < Vi log(ta/t1)

53

/// o

Further study for LP case

Primal and Dual Linear Program:

min c¢'x

st A b x [ AR heR
max b'y

st s—¢ Ay 50

54
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. Application to
Primal-dual path-following (PDPF) method

» current main-stream IP  (cheap in each iteration)

» The following quantity has been known to play an

important and similar role in complexity analysis of
PDPF method:

t2
Ipp(t1,t2) = /t hpp(t)t/2dt
where hpp(t) is given byl
1
hpp(t) = 5 ((In = Q(t)e) * (Q(t)e).

e: the unit element of Jordan product *

Q(t): a certain projection matrix
55

Proposition
It holds that
2
hep(t)? :(%HH?S(“}’P(@:"/‘P(ﬂ)”w(ﬂ)
D)
4 (%Hﬂp(ﬁfp(t),*/D(t))l\mw)
Remark :

- geometric implication of the quantity of Ipp(t1,to)

max{lp(t1,t2). Ip(ti.t2)} < Ipp(t1,t2)

- inequalities
< Ip(t1,ta) + Ip(ty,ta).

56
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Concluding Remark

Tractable characterization of DA submfds in
symmetric cones £
Application to conic linear programs

 Explicit sol. when the feasible region M is DA in Q.

« Mis DA = AS (CT) traj. is DA (D*-autoparalle]) = At—o0
= explicit sol.

Extension: # of iterations and curvature integral of CT
e Asymptotic analysis (f—0)
- Complemented by numerical experiment for finite

e Geometric structure of CT has an influence on
complexity of the IP algorithm

57

e B

e Relation among iteration-complexities of primal-, dual-
and primal-dual algorithms.

e DA submanifolds in the set of invertible elements of
Jordan algebras [O1T23]

Future work: Geometrical study for general stat. mfd.

e Various geometrical concepts for mutually dual
connections and their characterizations (Furuhata et al.)

e Classifications
» Families of continuous probability densities
* Applications (Ex. Study of ODE’s on manifolds?)

58
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A

Thank you for your attention

References:

[OIT23] A. Ohara, H. Ishi and T. Tsuchiya,
Doubly autoparallel structure and curvature integrals:
Applications to iteration complexity for solving convex
programes,

Information Geometry (2023),

https://doi.org/10.1007/s41884-023-00116-x (Open Access).
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Uncovering Data Symmetries:
Estimating Covariance Matrix
in High-Dimensional Setting
With ’gips’ R Package

Adam Przemystaw Chojecki'
Hideyuki Ishi?

"Warsaw University of Technology (Poland)
20saka Metropolitan University

In high-dimensional settings, where the number of variables exceeds the number of
observations, accurately estimating the covariance matrix poses a significant challenge.
This talk presents a novel approach that leverages the identification of symmetries within
the data to improve covariance matrix estimation. In the ’gips’ R package [2], we imple-
ment the Bayesian model selection procedure within Gaussian vectors (invariant under
the permutation group) introduced in [1].

Our method aims to capture the underlying low-dimensional structure by exploring
the permutation symmetries within the data. Identifying symmetries enables us to inter-
pret relationships in data in a new and natural way. The ’'gips’ package provides a com-
prehensive set of functions that facilitate identifying and utilizing symmetries, making it
a valuable resource for researchers working with high-dimensional data.

We demonstrate the effectiveness of our approach through simulations and real-world
data examples. Our results show that incorporating data symmetries leads to more reliable
covariance matrix estimates, enabling better inference and decision-making. More results
can be found in [3].

The presented novel approach contributes to the growing field of statistical methods
for p > n, offering promising avenues for future research and practical applications.

References
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Uncovering Data Symmetries:

Estimating Covariance Matrix

in High-Dimensional Setting
With 'gips’ R Package

Adam Przemystaw Chojecki
MiNI PW

14.12.2023

rzemystaw Chojecki Data Symmetries w

What is gips?

gips

gips - Gaussian model Invariant by Permutation Symmetry

gips is an R package that looks for permutation symmetries in the multivariate Gaussian sample. Such
symmetries reduce the free parameters in the unknown covariance matrix. This is especially useful when the
number of variables is substantially larger than the number of observations.

gips will help you with two things:

1. Finding hidden symmetries between the variables. gips can be used as an exploratory tool for searching the
space of permutation symmetries of the Gaussian vector. Useful in the Exploratory Data Analysis (EDA).

2. Covariance estimation. The Maximum Likelihood Estimator (MLE) for the covariance matrix is known to exist if
and only if the number of variables is less or equal to the number of observations. Additional knowledge of
symmetries significantly weakens this requirement. Moreover, the reduction of model dimension brings the
advantage in terms of precision of covariance estimation.

Installation
From CRAN:

# Install the released version from CRAN: fiu)
install.packages("gips")

Figure: Documentation of our R package, gips, https://przechoj.github.io/gips/

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’
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Inspiring citation

Life is the art of drawing
sufficient conclusions from
insufficient premises.

— Samuel Butler

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’

Presentation plan

@ Undirected graphs - independence
@ Motivation
@ Example of the gain
@ How to estimate it?
@ Empirical data example

© Colored graphs - equality; gips
@ Empirical data example - Additional Equalities
@ Permutational symmetry example
@ Comparison with similar methods

© Conclusions

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’




Statistical Theories and Machine Learning Using Geometric Methods

87

Undirected graphs - independence

Motivation

Example of the gain
How to estimate it?
Empirical data example

Example of conditional Independence

Density Plot of Height by Sex

Sex

=

200z Male
5

o Female

120
Height

Height vs. Weight by Sex

L
°
7 L °
o o %
L] ° ..
=7 o ® ..ﬁ Sex
> e Y 0 ® Male
= ° ®o® ® Female
o s &R
(VRS
& e e® o
« 2,
L ]
16 80 200
Height

Adam Przemystaw Chojecki

Undirected graphs - independence

Example assumption

Density Plot of Weight by Sex

Sex

2 Male
= Female

0000 0025 0050
Density

Uncovering Data Symmetries wi

Motivation

Example of the gain
How to estimate it?
Empirical data example

(W 1L S)|H

p(W,H,S) =

Adam Przemystaw Chojecki

p(W, H)p(H,S)

p(H)

Uncovering Data Symmetries with 'gips’
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Undirected graphs - independence Motivation
Example of the gain
How to estimate it?
Empirical data example

Sparse Graph Models

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’

Undirected graphs - independence Motivation
Example of the gain
How to estimate it?
Empirical data example

Covariance matrix estimation

X1, X2, ... Xy ~ Np(0,X)
When n > p:
o ~ o1
o e =7 (X)X K = e
@ If we know the graph G & n > maximum clique, then
K¢ mie = ... Kuie with zeros putted in places where
G has no edge,
YomeE=---Kgme
More can be found in article [5] or in the book [4].
Authors of LASSO [6] also made the paper [1] where they
introduce a GLASSO method for graph estimation.

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’
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Undirected graphs - independence Motivation
Example of the gain
How to estimate it?
Empirical data example

Empirical data example

Table 1. Empirical concentrations x1000 (on or above the diagonal) and
partial correlations (below the diagonal) for the examination marks in five
mathematical subjects.

Mechanics Vectors Algebra Analysis Statistics

Mechanics 5.24 —2.44 —2.74 0.01 —-0.14
Vectors 0.33 10.43 —4.71 —0.79 —0.17
Algebra 0.23 0.28 26.95 —7.05 —4.70
Analysis —0.00 0.08 0.43 9.88 —2.02
Statistics 0.02 0.02 0.36 0.25 6.45

Vectors Analysis

Algebra
Mechanics Statistics

Fig. 1. Conditional independence structure of examination marks for 88 students.

Figure: Table and Fig., from [2]

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’

Empirical data example - Additional Equalities
Permutational symmetry example
Comparison with similar methods

Colored graphs - equality; gips

Empirical data example

Table 1. Empirical concentrations x1000 (on or above the diagonal) and
partial correlations (below the diagonal) for the examination marks in five
mathematical subjects.

Mechanics  Vectors Algebra  Analysis Statistics

Mechanics 524 —244 274 0.01 —0.14
Vectors 033 1043  —4.71 —0.79 —0.17
Algebra 0.23 028 2695  -7.05 —4.70
Analysis ~0.00 0.08 0.43 9.88 —2.02
Statistics 0.02 0.02 0.36 0.25 6.45
Vectors Analysis
* *
+ Algebra +
X X
o - - o
Mechanics Statistics

Fig. 8. Coloured graph of an RCOP symmetry model for the examination marks of 88 students. The
distribution of the marks is unchanged if we simultaneously replace Vectors with Analysis and Mechanics
with Statistics.

Figure: Table and Fig., from [2]

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’
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Empirical dat mple - Additional Equalities
Permutational symmetry example
Comparison with similar methods

Colored graphs - equality; gips

Permutational symmetry example

This is the real covariance matrix
We want to estimate it based on n = 4 observations

T T T T T T

1 2 3 4 5 6

covariance

24
34
44
54
6

Figure: Fig., from [3]; Symmetry I =< (1,2,3,4,5,6) >

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’

Empirical data example - Additional Equalities
Permutational symmetry example
Comparison with similar methods

Colored graphs - equality; gips

Permutational symmetry example

Covariance estimated in standard way

14
24
covariance
31 20
15
1.0
44
05
0.0
54
6
T T v v v T

1 2 3 4 5 6

Figure: Fig., from [3]; no symmetry assumed

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’
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Colored graphs - equality; gips

Empirical data example - Additional Equalities
Permutational symmetry example
Comparison with similar methods

Permutational symmetry example

Covariance estimated with "gips’

covariance

12
1.0

08

06

Figure: Fig., from [3]; gips automatically found symmetry I =< (1, 2, 3, 4,5, 6) >

Adam Przemystaw Chojecki

Colored graphs - equality; gips

Recognition on big matrix

Uncovering Data Symmetries with 'gips’

Empirical data example - Additional Equalities
Permutational symmetry example
Comparison with similar methods

Large Structure

Moderate Structure

No Structure

1 5 101520 25 30 35 40 45 50

1 5 101520 25 30 35 40 45 50

1 5 10 15 20 25 30 35 40 45 50

Figure: True covariance matrices corresponding to the three scenarios:

left panel - large structure m (3 > .. 50))(S).

middle panel - moderate structure 7((1 2 3 ... 25))(S),

right panel - no structure S.

Adam Przemystaw Chojecki

Uncovering Data Symmetries with 'gips’
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Empirical data example - Additional Equalities
Permutational symmetry example
Comparison with similar methods

Colored graphs - equality; gips

Performance of matrix restoration

Comparison between estimated and actual covariance matrix
across different matrix structures

large structure moderate structure no structure
20.004
L]
—-— -
H,
10.001 s, T
g - é . sample size (n)
< H
] % ° 10
.= 5.004
5 B EH 2
a =
=] 40
-
2.50
1.254 <
gips huge rags2ridges gips huge rags2ridges gips huge rags2ridges

Estimating algoritm

Figure: Frobenius norm (on a logarithmic scale) of the difference of the estimate and the true covariance
matrix. 10 runs for each configuration.

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’

Conclusions

Inspiring citation

If you torture the data long
enough, it will confess

— Ronald Coase

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’
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Conclusions

Conclusions

© Graphs are a convenient language for recording relationships in
data.

@ Expert knowledge is an integral part of statistical analysis.

© Expert knowledge can be captured with
a graph and used in modeling.

@ There are methods for learning graphs from data, i.e.,
automatic learning of expert knowledge.

© There are many ways to put constraints on parameters.
The appropriate choice of these depends on
the nature of the collected data.

@ It is possible, when one tries, to draw false conclusions
from the data.

Adam Przemystaw Chojecki Uncovering Data Symmetries with 'gips’
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Maximum likelihood estimation for
discrete exponential families, its geometry
and combinatorics

Tomasz Skalski

Wroclaw University of Science and Technology, Poland

We discuss the existence of the maximum likelihood estimator for dis-
crete exponential family on finite set. Using the newly introduced notion
of sets of uniqueness, we present new criterion for the existence of MLE.
We show how this criterion can be applied in various discrete settings, in
which it can be easily solved using the tools from random graph theory
and discrete geometry. Most notably, we discuss the MLE existence for
exponential models of random graphs and for linear spaces spanned by
Rademacher functions. Additionally, we give a few remarks concerning
the existence of MLE for spaces spanned by products of Rademacher
functions. As an application, we discuss the asymptotics of the size
of independent identically distributed samples for which the maximum
likelihood estimator exists with high probability.
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Maximum likelihood estimation for discrete exponential

families, its geometry and combinatorics

Tomasz Skalski
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3/25

e Waiting time 7 — random variable
@ Number of waiting passengers N — observed data
@ 7(N) — estimator of 7

When the estimator is "good’?

Popular choice — to maximise the likelihood function
(Maximum Likelihood Estimation, MLE)

In other words, we are looking for the parameter, under which the given
situation is most likely to be present.

4/25
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@ X ={x1,...,xk} — finite state space, K = |X|

@ 1 : X — (0,00) — weight function

e B C RY - linear space of functions (¢ = 1 € B)

@ B ={¢p€B:¢>0}—subclass (cone) of non-negative functions

o N(¢) = > e?™pu(x) — normalising constant (partition function)
XEX

o p=-e(g) = ﬁiﬁ) — exponential density
e e(B) ={p=-e(¢): ¢ € B} — exponential family

5/25

MLE

Definition
Let x1,...,x, be a sample from the finite set X and let ¢ € B. The
likelihood function of p = e(¢) is defined as:

Lo(xt,- ., xn) = [ ] p(xi)-
i=1

Joint density: function of (xi,...,xp)
Likelihood: function of p

Definition
The p € e(B) is called the maximum likelihood estimator (MLE), if

Lo(x1,...,%xn) = sup Lp(x1,...,Xn).
pEe(B)

6/25
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Existence of MLE

History

S. J. Haberman (1974) — criterion of existence of MLE in hierarchical log-linear
models

B. R. Crain (1976) — sufficient criterion of a.s. existence of MLE

O. Barndorff-Nielsen (1978) — criterion of existence of MLE for the exponential
families in terms of convex geometry

M. Jacobsen (1989) — alternative condition for discrete exponential families

K. Bogdan, M. Bogdan (2000) — criterion of existence of for exponential families
of continuous functions on [0, 1] in terms of the sets of uniqueness.

N. Eriksson, S. E. Fienberg, A. Rinaldo, S. Sullivant (2006) — interpretation of the
criterion in terms of polyhedral geometry

A. Rinaldo, S. E. Fienberg, Y. Zhou (2009) — application to exponential models of
random graphs (ERGM).

K. Bogdan, M. Bosy, TS (2022) — criterion of existence of MLE in discrete
exponential families in terms of sets of uniqueness.

v

7/25

Sets of uniqueness

Definition

The set U C X is of uniqueness for B, if = 0 is the only function in B
such that ¢ (U) = 0.

Let X = {—2,-1,0,1,2}. Let B denote the class of all the real functions on X
that are linear (affine) both on {—2,—1,0} and on {0, 1, 2}.

Then the set {—1,1,2} is of uniqueness for BB, but the set {—1,2} is not.

2

d(x) = x/2 —|3x/2| +2

o
8725
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Definition
U is a set of uniqueness for By, if [p € By, ¢ (U)=0]=[6=0].

Again, let X = {—2,—1,0,1,2} and let B be the class of all the real
functions on X that are linear (affine) on {—2,—1,0} and on {0, 1,2}.

Il Il Il
=2 =l 0 1 2

Then the set {—1,2} is of uniqueness for B...

9/25

Existence of MLE — main criterion

Theorem (K. Bogdan, M. Bosy, TS (2022))

The maximum likelihood estimator for e(B) and xi,...,x, € X exists
if and only if {x1,...,xn} is a set of uniqueness for B .

(=) If {x1,...,xn} is not of uniqueness for B, we may subtract
from every candidate for MLE ¢ a non-negative function 1 vanishing

on {x1,...,Xn}, 0% —d =1 on {x1,...,x,}. Thus N(vb — ¢) < N(2))

and the resulting likelihood is increased. O

10 /25
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Existence of MLE — main criterion

Theorem (K. Bogdan, M. Bosy, TS (2022))

The maximum likelihood estimator for e(B) and xi,...,x, € X exists
if and only if {x1,...,xn} is a set of uniqueness for B .

(<) We introduce a seminorm

Au(6) = max(9) — min(9)

related to given set U C X and compare it with an oscillation seminorm
Ax(¢). Both seminorms are comparable since U is a set of uniqueness
for B.. O

v

11/25

Applications

Two types of proposed applications:
e Conditions for the existence of MLE for specific exponential families
@ Probability bounds for MLE for i.i.d. samples

For the i.i.d. random variables Xi, X5, ... valued in X we define
the following (random) time:

Vunig = inf{n >1:{Xq,...,X,} is a set of uniqueness for B, }.

12/25
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Probabilistic tool — Threshold functions

Definition (Threshold

A function n* = n*(K) is a threshold of the size of the sample
X = (Xi,...,Xp) for a given (monotone) property & if

lim P(X € &) =

K—o0

0 ifn(K)/n*(K)— 0, K — oo,
1 ifn(K)/n*(K) — oo, K — oo.

v

Definition (Sharp threshold)

A function n* = n*(K) is a sharp threshold of the size of the sample
X = (X1,...,Xy) for a given (monotone) property & if for every ¢ > 0

lim P(X € 2) =

K—oo

0 ifn(K)/n*(K)<1-—c¢,
1 ifn(K)/n*(K)>1+e.

13/25

Applications — R¥

Let B =RY. As X is the only set of uniqueness for B, we observe that

MLE for e(R™) and x1, . .., x, exists if and only if {x1,...,x,} = X,

i.e. each element of X' has to be reached by the sample
(Coupon Collector Problem).

Corollary

Let B=R?" and K = |X|. Let X1, Xa, ... be independent random
variables, each with uniform distribution on X. Then, for every ¢ € R,

—C

lim P (vynig < Klog K + Kc) = e ©
K—oo

In particular, n*(K) = Klog K is a sharp threshold of the sample size
for the existence of MLE for e(X).

14 /25
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Examples — Rademacher functions

Vertices of a discrete hypercube {—1, +1}¥ ~ sequences of (—1) and (+1)
with length k

15 /25

Examples — Discrete hypercube

Rademacher function ~ indicator of a half-cube in {—1,+1}*

Product of Rademacher functions ~ indicator of a subcube of fixed size

16 /25
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Applications — Rademacher functions

For k € N consider the discrete hypercube X = Q, = {—1,1}.
For j =1,..., k we define Rademacher functions:

rJ(X):XJ7 X:(X17"‘7Xk)€Qk

and denote rp(x) = 1.
Here K = |X| = 2K,

Theorem (K. Bogdan, M. Bosy, TS (2022))

Let BX = Lin{rg,r1,...,rc}. MLE for e(B¥) and x1, ..., x, € Qx exists if
and only if for all j =1,..., k we have {rj(x1),...,rj(xn)} = {-1,1}.

Satisfied if and only if {x1,...,x,} intersects with every half-cube of Q,
e.g. {Xl, —Xl}.

17/25

Applications — Rademacher functions

Theorem (K. Bogdan, M. Bosy, TS (2022))

Let k € N, n(k) = logy k + b+ o(1). Let X, ..., Xy be independent
random variables, each with uniform distribution on Q). Then

lim P({X4,...,Xp)} s of uniqueness for By ) = exp{—21"P}.
k—o0

and n*(K) = log, k = log, log, K is a sharp threshold of the sample size
for the existence of MLE for e(BX) and i.i.d. uniform samples on Q.

Proof idea: asymptotics of the maximum of i.i.d. geometric variables.

18 /25
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Applications — ERGM

We consider simple undirected graphs containing no loops or multiple
edges. Let N and m denote the number of vertices and edges of the graph.
By Gn we denote the family of all graphs with N vertices.

For graphs G = (V, E;), H = (V, E;) we let, as usual,

GUH:=(V,EEUE), GNH:=(V,ENE),
GCH = FECBE.

We define x,s(G) =1 —21¢(r,s) and consider the following linear space

BIN = Lin{ Lxrs(G):1<r<s< /\/}.

19/25

Consider coefficients ¢ € R(g) indexed by the edges of the complete graph
Ky, and the following exponential family:

e(BI) = {pc = eP¥(%e) ¢ e ]R(g)} :
where

¢C(G) = Z Cr,er,s(G)7 ¢(¢c) = |og Z equ(G)a

(rs)e(3) Gegu

and G € Gy.

Observation

Fix c € R(2). In the random graph G sampled from p. € e(B9V), each
edge (r,s) appears independently with probability

eCr,s

Pr,s = 1+ ecre

20/25
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Applications — ERGM

Theorem (K. Bogdan, M. Bosy, TS (2022))
MLE for e(Bg’V) and Gy,..., G, € Gy exists if and only if

LHJG,'ZKN and ﬂG,'ZK_N.
i=1 j

Lemma (K. Bogdan, M. Bosy, TS (2022))

Let {G1,...,G,} be independent random graphs from p. € e(BIV).
Then the probability of the existence of MLE for e(B9V) equals

H (1 - p?,s - (1 - Pr,s)n) .

1<r<s<N

In particular, n*(N) = log N is a threshold of the sample size n for the
existence of MLE for e(B).

21/25

Applications — Products of Rademacher functions

Let k € N,1< g <k, and Bf = Lin{ws : S C {1,...,k} and |S| < q},

where ws(x) = ] ri(x),x € Qk,S C {1,..., k}, are the Walsh functions.
IS

Observation

Bf; is the linear space spanned by indicator functions of the sub-cubes of
Qk, obtained by fixing q out of k coordinates.

@ g = 1: Rademacher functions (already discussed)
@ g = 2: Ising model (open problem)

@ ...: open problems

@ g = k — 1: see the next slide

22/25
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Applications — Products of (k — 1) Rademacher functions

By, corresponds to indicators of edges of Q. Consider the following
partition: Qx =& U O:

Definition

o &:={x € Q: x has even number of positive coordinates}

@ O :={x € Q: x has odd number of positive coordinates}

Theorem (K. Bogdan, M. Bosy, TS (2022))

MLE exists for e(B’,j_l) and x1,...,x, € Q ifand only if € C {x1,...,xn}
or O C {x1,...,%n}.

23/25

Thank you for your attention!

24 /25
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Some open problems on minimum information
dependence models

Tomonari Sei  (The University of Tokyo)*

This is joint work with Keisuke Yano (The Institute of Statistical Mathematics).

1. Minimum information dependence model

Consider o-finite measure spaces (X;, F;,dz;) for ¢ € [d] = {1,...,d}. Denote their
product space by (X, F,dx). Let r; be a probability density function on X; for each i,
which may have a nuisance parameter.

Suppose that we have a measurable map h : X — RX which describes dependence
among the d variables (zi,...,24) € X. A minimum information dependence model
[2] is defined by a set of probability density functions

p(x;0) = exp (QTh(:v) — Zai(xi; 0) — ¢(9)> Hm(asi), 6 € R¥,

with respect to dz, where a;(z;;6) and () are determined by conditions
/ p(x;0)de_; = ri(z;), i€[d, z €,
X_i

and [, S ag(wi;0)p(a; §)dx = 0. Here, —i denotes the removal of the i-th coordinate.

We call 6 the canonical parameter, h(x) the canonical statistic, a;(x;;0) the adjusting

function and v(6) the potential function. An existence and uniqueness theorem under

mild conditions is established by [2]. If the marginal distributions are uniform on the

unit interval [0, 1] C R, the model is called the minimum information copula model [1].
The potential function ¢ is convex because it is characterized by

$(6) = sup {eT [ #wtain - [ o log%dx} ,

pEM ri(x;

where M is the set of probability density functions with fixed marginals r;(x;). The
pair of the parameters  and n = [ h(z)p(z;0)dz induces a dually flat structure.

2. Open problems

There are a couple of open questions about the model. See [2] for details.
1. Is ¢(0) analytic?

2. Find examples of p(x; #) with closed expressions. Known examples are the Gaus-
sian, multinomial and a class of circular distributions.

3. Construct an asymptotically efficient estimator of 6 (without knowing r;’s).

References
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Introduction

@ In this talk, we introduce a novel statistical model called the
minimum information dependence model.

@ The model can describe dependence among variables separately from
marginal distributions. (cf. copula theory)

@ We discuss some open problems.

Reference: T. Sei and K. Yano (2023). Minimum information dependence
modeling, Bernoulli, accepted. (arXiv:2206.06792)
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o Consider o-finite measure spaces (X, Fj,dx;) for i € [d] ={1,...,d}.
@ Denote their product as (X, F,dx) = ([[; X, [ I; Fi, [ I; dxi).
@ How to construct a statistical model on the product space X'?

Fisher's iris data consists of 4 continuous and 1 categorical variables:
Sepal.Length | Sepal.Width | Petal.Length | Petal. Width | Species
5.1 3.5 1.4 0.2 setosa
4.9 3.0 1.4 0.2 setosa
4.7 3.2 1.3 0.2 setosa
5.9 3.0 5.1 1.8 virginica
A natural choice is
X1=--=Xy =R, Xs = {setosa, versicolor, virginica}.
equipped with the Lebesgue and counting measures, respectively.
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Gaussian model

@ Let us begin with the Euclidean case X; = --- = Xy = R.
@ The d-dimensional Gaussian model on X = R is

1 1
(27T)d/2|2’1/2 exp <_§(X - M)Tz_l(x - M)) )

where 1 and X are parameters.
@ Properties:
© The density function is written as

p(x;p,X) =

d
plxi X)) =exp [ =) olxx; HA(x,,u,

i<j

J/

N

deper‘(dence mdependence

@ The marginal distributions are Gaussian.
@ These properties characterize the Gaussian model. We use this idea
for constructing more general statistical models.

5/29

The minimum information dependence model

. d
e Now consider the general space X = [[_; &j.
@ Suppose that we have
© a measurable map h: X — R¥ and
© marginal density functions r; : X; — R<q for i € [d].

A minimum information dependence model is defined by

d

d
p(x; 0) = exp <9Th(X) — ) ai(xi; 0) - 10(9)) [[ri(x), 6€eRrK,
=1

i=1
where a,- and 1 are determined by conditions fX_’_ p(x; 6)dx_; = ri(x;) and
fX i= 1 ai(x;; 0)p(x; 6)dx = 0.

@ We call 6 the canonical parameter, h the canonical statistic, a; the
adjusting functions and 1 the potential function.
@ 0 = 0 corresponds to the independence model ch'i:l ri(xi).

6/29
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Comparison

exp family min info dep model
p(x;0) = e h)=vO) po(x) | p(x;0) = e M=% (i)=Y O) T ri(x;)
0 0
h h
Y Y
— a;
[ pdx =1 [ pdx_i =r;

7/29

@ Let P be the set of probability density functions on X.

@ The density p(x;0) is the unique intersection point of two manifolds
M=M(r,....ra) ={p € P| [ p(x)dx_; = ri(x:)}

and
£ =E(0) = { M-2ibil) ¢ P | by - Xj — R}

]
-

MnNE

@ Uniqueness follows from the Pythagorean theorem (discussed later).

8/29
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Before giving examples, we define additional notations.

@ The marginal ri(x;) often has parameters. We denote it as ri(x;; ),
where v is the (nuisance) parameter.

@ The model is written as

d

d
p(x;0,1) = exp <0Th(x) — " ai(xi; 0, v) — (b, u)) [T ritxv).
i=1

i=1
@ We also use an abbreviation

d
p(x;0,v) = ef " h) HA,-(X,-; 0,v).
i=1

9/29

Example (1/3)

Multivariate Gaussian

@ The d-dimensional normal distribution N(u,X) is written as

p(X; 9, 1/) = eZKj Oiixy H:':I:l Ai(Xi; 07 V)’
[ p(x;0,v)dx_; = ¢(x;; pi,07), i € [d],

where the nuisance parameter is v = (u1, . . ., ld, 0%, . .., 03).

@ We obtain a bijection

(1, X) = (0,v)
RY x Sym™(d,R) — RY4-D/2 , RI x RY .

N

Lemma (Dempster 1972)

If A and B are positive definite matrices, then there exists a unique positive
definite matrix C such that C; = A; and (C71); = (B™1);; (i # J).

10/29
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Example (2/3)

Contingency table model (log-linear model)
@ Consider finite spaces X7 = [I] and X, = [J].
@ A statistical model on / x J contingency tables is written as
pPij = eeijAli(eay)AQj(eay)a (I7J) S [I] X [J]7
Ej pij = Vi, D_;Pij = Vaj-
@ We obtain a bijection

(Pij) = (97 V)
Apy_g = RUEDUTD A gy x Ay

@ Relevant studies:

Sinkhorn and Knopp (1967): an algorithm for finding Ay;, Ay;
Amari (2001): orthogonal foliation structure

Piantadosi et al. (2012): maximum entropy checkerboard copulas
Geenens (2020): similar construction of discrete families

11/29

Example (3/3)

Directional statistics

Circulp |
o Let X3 = X, = St (circle), identified with [0, 27).

@ A distribution satisfying conditions

27 2 1
0 0 T

is called a circula (Jones et al. 2015).

@ The following density is circula for any function hg : S — R.
e/la=a)=v(0), () = log [;™ exp(0ho(2))dz,

This is a minimum information dependence model with a
shift-invariant canonical statistic h(x1,x2) = ho(x1 — x2).

@ In this case, the adjusting functions are zero.

12/29
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Existence and uniqueness theorem

@ The examples so far have explicit density functions. But this is not
the case in general. We need an existence and uniqueness theorem.
o Denote H(x) = 0" h(x). Suppose that H € Ly([]; r; dx).

Theorem 1 (SY 2023)
If there are integrable functions b; € Li(ridx;) satisfying

[ eI~ il TT. ri(x;)dx < oo,
then there exist measurable a; : X; — R and ¢ € R such that
p(x) = eHI=2i 3D TT. ri(x) € M(r, ..., rq)

and [ p>;ajdx = 0. The function p is unique.

@ The proof relies on Csiszdr (1975) and Borwein et al. (1994).
@ Remark: each a; may not be integrable. This point was missed in

Csiszar's paper. 13/29

Application of Theorem 1

3-factor interaction on R3

o Let A1 = A, = A3 = R equipped with the Lebesgue measure.
o Suppose that [ |x;[>ri(x;)dx; < oo for each i.

@ The minimum information dependence model
p(x1, x2,x3) = g xexs—a10a)—a () —as(a) (x1)r2(x2)rs3(x3)

is well defined for arbitrary 6 € R.
o Indeed, the inequality [x1x2x3| < 3([x1|® + |x2|® + [x3]3) implies

fff eeX1X2X3_|9|(|X1|3+|X2|3+|X3|3)/3r1(X]_)I’2(X2)r3(X3)dX]_dX2dX3 S 1 < .

So bi(x;) = |0]|xi|3/3 satisfy the sufficient condition of the theorem.

v

In a similar manner, we can take any polynomial h(x) as canonical
statistics whenever the marginal distributions have all finite moments.

14 /29
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Pros and cons

Advantages of our model:

@ Various type of dependence (such as conditional independence) can
be incorporated.

@ The domain and marginal distributions are almost arbitrary.

@ Multivariate Gaussian and multinomial models are contained as
particular instances.

Drawbacks:

@ Computation of the adjusting and potential functions are difficult.
— We can avoid them in estimation of 6 as described later.

From practical side:
@ How to choose h? — polynomial, eigenfunctions etc.

@ How to interpret 7 — regression (not discussed today)

15/29

The first open problem

Problem
Find examples that have explicit density functions.

Observation

@ In the circular case, we used the shift-invariant canonical statistic
ho(x1 — x2). This may be generalized to other compact groups.

16 /29
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Pythagorean relationship

o Recall that M = {pe P | [ p(x)dx_; = ri(x;)}
o Let £ =E(0) = {& MI-ZibiCD . r; € P | b; € Li(ridx;)}
o Let D(p|q) = [ plog(p/q)dx (Kullback-Leibler divergence).

Generalized Pythagorean theorem (Csiszar 1975)

fpe M,ge MNE,s €&, then

D(p|s) = D(p|q) + D(qls)

Proof:

D(pls) - D(pla) ~ Dlals) = [ (b~ a)log(a/s)dx
— [ a (= br+ Y b )ax
_ Z/(r,- - r,-)(—Zb7+Zb,s)dx,- = 0.

18/29
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Consequence of Pythagorean

@ ForpeM,geMné&,seé,

D(pls) = D(plq) + D(qls).

In particular,
D(pls) > D(qls).
The equality is attained iff p = q.
@ By substituting g = el =2 ai—v [I;riand s = el =2 bi I, ri, we
obtain

/p(logp—HTthZb;—Zlogr;) 2/q<—Zai—¢+Zb;).

@ Since [ pb; = [gb; and [ g ;ai =0, we have

>9" h— | P
>0 /p /pogHiri

19/29

Potential function

@ Now we obtained the following characterization of :

0= g {07 [0 [otes i}

which implies v is convex.

Open problem 2
Are a;j(x;; 0) and () analytic with respect to 67

@ Observation: For exponential families eeTh(X)_w(e)po(x), the potential
function ¢ is analytic on int(dom(v)). This is directly proved by
Taylor expansion

5k
/e(9+5)Th(X)po(x)dx = Zﬂ/h(x)kemh(x)po(x)dx.
—~ k!

20/29
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Derivatives of the potential

@ The model

log p(x|0) = 67 h(x) = ai(xi: 6) — 1(6)

)

@ Suppose that a; and 1) are smooth, and integrals and derivatives are
exchangeable.
@ The derivative of 9 is the expectation of h:

Dath(8) = / e (x)p(x)dx

@ The Hessian matrix is equal to the Fisher information
0a050(6) = [ {ha(x) =~ X, 00ai(xi6) ~ 0u(0)}
{hs(x) = X2, Bsai(xi: 0) — De6(6)} p(x)dx,

which is not equal to the covariance of h.
@ The quantity ) ; daai + 0% is the orthogonal projection of h,(x) to
the space of additive functions {> . bj(x;)}.

21/29

Comparison

exp. family “mindemo”
0 0
h h
(G (8
— a;
Vi = E(h) Vi = E(h)
VV ") = Cov(h) | VV T4 # Cov(h)
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© Statistical inference
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Conditional inference

o Consider a random sample x(t) = (x;(t))9_, for 1 <t < n,
@ Decompose the data into “marginal” and rank statistics:

M= ({xi,...,%ni})1<i<d, 7= (m1,...,7q) € ST

where S, is the permutation group.
12 7 d

1
2

n

@ Decomposition of the likelihood
Hp ):0,v) = f(x|M; 0) x g(M; 0,v)

@ We use the condltlonal likelihood f(7|M; 0) for inference of 6.

@ M must have almost no information about 0! (ancillary statistic)
24 /29
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Parameter estimation

o The conditional likelihood is an exponential family on S9:

e300, 6T h((Mor)(1))

f(r|M;0) = me S,

S og it 0 A((MOR)(D)

@ The maximizer of f(m|M;0) is called the conditional maximum
likelihood estimator.

@ We can sample m by MCMC. The implementation is not difficult.
7

@ MCMC + conditional MLE (Geyer and Thompson 1992).
@ Other option: Besag's pseudo likelihood estimator (Mukherjee 2016).

25 /29

Consistency of conditional MLE

@ The conditional MLE has consistency (6 — 6 as n — c0).
@ Assumptions
© The domain X satisfies some metric entropy condition. The function h
is Lipscitz. The parameter space © is bounded.
@ 3, is smooth in 6.

Theorem 1 (SY 2023)

Under Assumption 1, the likelihood ratio is close to the conditional
likelihood ratio. (a rough statement)

Corollary (SY 2023)

Under Assumptions 1 and 2, we have 6 —0in probability.

Open problem 3

Is the conditional MLE asymptotically normal and efficient?

@ For finite-set cases, Haberman (1977) proved this is correct.
26 /29



Statistical Theories and Machine Learning Using Geometric Methods 127

Conditional inference works

Example (Fisher's iris data)

@ Consider sepal length and sepal width of Setosa. A7 = A, = R.

setosa

aaaaaaaaaaa

@ We compared the MLE of Gaussian model and the conditional MLE
of the proposed model with h(x1, x2) = x1x2. Only the difference is
whether the marginal model is specified or not.

o Result: g = 1.66 and Oc g = 1.72 (standard errors are 0.4).

@ Almost the same!

Other applications: penguin data and earthquake data. See SY (2023).

27/29

Conclustion

@ We proposed the minimum information dependence model specified
by canonical statistic h and the marginal densities r;.

@ Estimation is performed via conditional likelihood and permutation.

@ The model is applicable to any domain of data.

Open problems:
@ Further examples
@ Properties of adjusting and potential functions

@ Proof of asymptotic efficiency of the conditional MLE (or other
estimators)

Thank you for your attention.
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Stein identity, Poincaré inequality and exponential
integrability on a metric measure space

Tomonari Sei  (The University of Tokyo)*!
Ushio Tanaka (Osaka Metropolitan University)*?

Stein identity due to Stein [3] characterises a Gaussian random variable. The iden-
tity further implies Poincaré inequality in terms of the Gaussian random variable:

Theorem (Chernoff [1]). Let g be absolutely continuous function and X a random
variable following standard normal distribution such that g(X) has finite variance.
Then it follows that

Var(g(X)) < Elg'(X)’]
with equality if and only if g(X) is linear.

We showed a discrete Stein identity based on the idea of Sei [2] and that it implies
discrete Poincare inequality. We study them from the point of view of geometric
analysis; in particular, we restrict our attention to implications with regard to discrete
Poincaré inequality to show exponential integrability of a function on a discrete metric
measure space.
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Infinite Dimentional Parameterized Measure Models

Hikaru Watanabe

The University of Tokyo

Shunichi Amari pointed out that generalization of finite dimentional Information Geometry to
infinite dimentional Information Geometry is an important problem in his book “Methods of
Information Geometry” (1993) [1]. After that, in 2015, Nihat Ay, Jirgen Jost, Hong Van Lé
and Lorenz Schwachhofer proposed the notion of (infinite dimensional) parameterized measure
models and statistical models, which is a natural generalization of finite dimensional statistical
manifolds ([2]). Moreover, they proved that Exponential statistical manifold, which is built by
Giovanni Pistone and Carlo Sempi ([4]), can be regarded as an example of infinite dimensional
statistical models.

In this talk, we prove that Exponential manifold by reproducing kernel Hilbert spaces, which
is constructed by Kenji Fukumizu ([3]), is also an example of infinite dimensional statistical
models. Furthermore, we replace reproducing kernel Hilbert spaces with reproducing kernel
Banach spaces (see [5] for reproducing kernel Banach spaces). The aim of this replacement
is to show that existing finite dimensional open exponential family is obtained when a certain
reproducing kernel Banach space is set.

Moreover, if a parameterized measure model or a statistical model satisfies the condition
called n-integrability, we can obtain covariant n-tensor. Especially, covariant 2-tensor is Fisher
metric if it is positive definite, and covariant 3-tensor is Amari-Chentsov tensor. However we
must be carefull about tensor fields on infinite dimentional manifolds because there are two
kinds of defnition of tensor fields on infinite dimentional manifolds, unlike tensor fields on finite
dimensional manifolds. Nihat Ay, Jiirgen Jost, Hong Van Lé Lorenz Schwachhdfer introduced
covariant n-tensor as C° “weak tensor fields” . However in this talk we show that one can
introduce covariant n-tensors as C> “strong tensor fields” when parameterized measure model

or statistical model is C'°.

References

[1] Amari, S and Nagaoka, H.: Methods of Information Geometry . Iwanami (1993)

[2] Ay, N., Jost, J., L&, H.V., Schwachhofer, L.: Information Geometry, Ergebnisse der Mathe-
matikund ihrer Grenzgebiete. Springer, Berlin (2017)

[3] Fukumizu, K.: Exponential Manifold by Reproducing Kernel Hilbert Spaces, pp. 291-306.
Cambridge University Press, Cambridge (2010).
https://doi.org/10.1017/CB09780511642401.019

[4] Pistone, G., Sempi, C.: An infinite-dimensional geometric structure on the space of all the
probability measures equivalent to a given one. Ann. Stat. 23(5), 1543-1561 (1995)

[5] Lin, R., Zhang, H., Zhang, J.: On reproducing kernel Banach spaces: Generic definitions and
unified framework of constructions, (2019). arXiv:1901.01002.



132 OCAMI Reports Vol. 2 (2024)

Infinite dimensional parameterized measure model

Hikaru Watanabe

The University of Tokyo

December 15, 2023

Hikaru Watanabe Infinite dimensional parameterized measure model
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previous works

previous works about finite dimensional information geometry
previous v about infinite dimensional information geometry

Rao: Regarding statistical model as manifold

Fisher metric: Riemannian metric
w\a_hifo(cl c(r's‘ryibuﬁons

(Z

pra_me Ter SPuce @

Hikaru Watanabe Infinite dimensional parameterized measure model

previous works . _ . . . .
previous works about finite dimensional information geometry

previous works about infinite dimensional information geometry

exponential family and Fisher metric

Example 1 (exponential family)

2: m’ble set

nw € P(Q)

© C R™: parameter space

fi,--+, fn: m'ble function on Q

Some assumptions

Exponential family is a family of distributions

exp(Poy—q1 Ok fr)

B o 0 fo)d

pléeo}r

Example 2

examples of exponential family:
Normal distributions, Bernoulli distributions, etc.

Proposition 3 (Fisher metric)

0

90 (5o 50-) = Bol(f = Bolfil)(f5 = Bolf)

<variance form

Hikaru Watanabe Infinite dimensional parameterized measure model
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previous works

previous works about finite dimensional information geometry
previous s about infinite dimensional information

Efron: connecting geometry and statistics
statistical curvature: geometrical

statistical estimation by statistical curvature

det tee

CsTimator J_
A s 3

Hikaru Watanabe Infinite dimensional parameterized measure model

previous works . _ . . . .
previous works about finite dimensional information geometry

s about infinite dimensional information

Amari(1980)

Amari: formalizing connecting geometry and statistics
a, e, m-connection
statistical estimation by e, m-connection
dually flat structure
AC-tensor

Hikaru Watanabe Infinite dimensional parameterized measure model
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revious works . - . . . .
p previous works about finite dimensional information geometry

previous v about infinite dimensional information geometry

AC-tensor

Example 4 (exponential family)

Q: m'ble set

uw € P(Q2)

© C R™: parameter space

fi,--+, fn: m'ble function on Q2

Some assumptions

Exponential family is a family of distributions

= eXp(EZ:1 ekfk)
T qexp(y O fr)du

Proposition 5 (AC-tensor)

(2. 9 9
12 00," 00, 96y,

<3-rd moment around the average value

ploeo}

) = Eo[(fi — Eolfi])(f; — Eolf;])(fx — Eolfr])]

Hikaru Watanabe Infinite dimensional parameterized measure model

previous works . _ . . . .
previous works about finite dimensional information geometry

previous works about infinite dimensional information geometry

Amari(1980)

Amari: pointing out the importance of a generalization to infinite dimension

This is because
Finite dimensional statistical models are small compared to P(2).
We want to solve estimation problems in infinite dimensional spaces.

If mathematical rigorousness is ignored, infinite dimensional information geometry
can be built.

Hikaru Watanabe Infinite dimensional parameterized measure model
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revious works . - . . . .
p previous works about finite dimensional information geometry

bout infinite dimensional information

problems based on the pointout

problems based on the pointout
How to formalize infinite dimensional manifold?
How to regard infinite dimensional distributions as infinite dimensional manifold?

How to define geometrical notions such as Fisher metric and AC-tensor on infinite
dimensional information geometry?

Hikaru Watanabe Infinite dimensional parameterized measure model

previous works _ . .
p us works about finite dimensional information geometry

previous works about infinite dimensional information geometry

Lang(1962)

(1)How to formalize infinite dimensional manifold?
— Lang: Banach manifold
Banach manifold: manifold modeled on Banach space

Hikaru Watanabe Infinite dimensional parameterized measure model
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previous works . . .
previous works about finite dimensional informatio

previous works about infinite dimensional information geometry

three studies

(2)How to regard infinite dimensional distributions as infinite dimensional manifolds?

< There are three studies.

(2-1) Pistone and Sempi(1995):
exponential statistical manifold by Orlicz space
(2-2) Fukumizu(2010):
exponential manifold by reproducing kernel Hilbert space

(2-3) Ay, Jost, Lé and Schwachhofer(2017):
parameterized measure model and statistical model

Hikaru Watanabe Infinite dimensional parameterized measure model

previous works _ . .
previous works about finite dimensional information geometry

previous works about infinite dimensional information geometry

Pistone and Sempi(1995)

(2)How to regard infinite dimensional distributions as infinite dimensional manifolds?

< Pistone and Sempi: exponential statistical manifold by Orlicz space

distributions

L panm;‘tek
space

N

Hikaru Watanabe Infinite dimensional parameterized measure model
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previous works

previous works about finite dimensional information geometry
previous works about infinite dimensional information geometry

Pistone and Sempi(1995)

Defi

© € P(Q)
©: a subset of a certain Orlicz sp.
exponential statistical manifold is a distributions

6 (Pistone and Sempi(1995))

f
Pi={———u|feo}
Jo el dp

is a generalization of

Example 7 ((existing finite dimensional) exponential family)

p.— eXP(ZZzl Ok fr)
O Joexp(hoy Ok fi)du

ploe€ e}
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previous works . _ . .
previous works about finite dimensional information geometry

previous works about infinite dimensional information geometry

Fukumizu(2010)

(2)How to regard infinite dimensional distributions as infinite dimensional manifolds?

< Fukumizu: exponential manifold by reproducing kernel Hilbert space. reproducing

kernel Hilbert space— RKHS

dis fy'll;uﬂa'\s

! pavameter
S Pac e

N

Hikaru Watanabe Infinite dimensional parameterized measure model
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previous works

previous works about finite dimensional information geometry
previous works about infinite dimensional information geometry

Definition 8 (RKHS)

Q: set
(H,{(-,-)): Hilbert space of functions on
FK: Q x Q — R: positive definite (kernel function)

K(z,-)eH (z€Q)
fl@)=(f,K(=z,")) (z€Q,f¢€H)

Hikaru Watanabe Infinite dimensional parameterized measure model

previous works . _ . .
previous works about finite dimensional information geometry

previous works about infinite dimensional information geometry

exponential manifold

Definition 9 (Fukumizu(2010))

Q: top sp (m’ble sp by Borel sets)

uw € P(Q2)

H: an RKHS on ©

©: a subset of H

Some assumputions

exponential manifold is a family of distributions

f
P={+———u|fcoO}
Joeldu

is a generalization of

Example 10 ((existing finite dimensional) exponential family)

p._ exp(P i1 Ok fi)

— 0O
Texp(>y oufryan’ ¢ €€
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previous works . . .
previous works about finite dimensional information geometry

previous works about infinite dimensional information geometry

Ay, Jost, Lé and Schwachhofer(2017)

(2)How to regard infinite dimensional distributions as infinite dimensional manifolds?

— Ay, Jost, L& and Schwachhéfer(2017): parameterized measure model and statistical model

parameterized measure model - PMM
statistical model — SM
PMM and SM: a generalization of (existing finite dimensional) statistical models

Hikaru Watanabe Infinite dimensional parameterized measure model

previous works . _ . .
previous works about finite dimensional informatio

previous works about infinite dimensional information geometry

PMM and SM

Finite

P M M mectsures

JL JiDtJtuenoe/
Banach

mani Fo ld
S M distributions
=
_/_\

Bdnack 7 $_
wani Fold
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previous works . . .
previous works about finite dimensional information geometry
previous works about infinite dimensional information geometry

examples of PMM and SM

Exponential statistical model by Pistone and Sempi

distributions

! pavameter

® space

AN
VAN

is a SM.
Exponential manifold by Fukumizu

discributions

N

is a SM.

Hikaru Watanabe Infinite dimensional parameterized measure model

previous works _ . .
pre works about finite dimensional information geometry
previous works about infinite dimensional information geometry

Ay, Jost, Lé and Schwachhofer(2017)

(3)How to define geometrical notions such as Fisher metric and AC-tensor on infinite

dimensional information geometry?

< Ay, Jost, L& and Schwachhofer: covariant n-tensor

covariant n-tensor: a generalization of Fisher metric and AC-tensor.
covariant 2-tensor: Fisher metric in PMM and SM

covariant 3-tensor: AC-tensor in PMM ans SM

Hikaru Watanabe Infinite dimensional parameterized measure model
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previous works

previous works about finite dimensional information geometry
previous works about infinite dimensional information geometry

Ay, Jost, Lé and Schwachhofer(2017)

In the case of the PMM before normalized to exponential statistical model

distributions

P

Proposition 11 (Ay, Jost, L& and Schwachhdfer(2017))

7™ covariant n-tensor

T¢(v1, -+ ,vn) = Eglvi - - vn]

where f € ©,v1,- -, v, € (this Orlicz space).
Especially covariant 2, 3-tensor is as follows.

T]%(’Ul,vz) = Ef [’1)1'1)2]

T? (’1)1, v2, '1)3) = Ef [’1)11)2’03]

Hikaru Watanabe Infinite dimensional parameterized measure model

questions
questions o goo

questions

We want to understand

I Are there any other good examples of parameterized measure models
and statistical models?

I Give explicit formula of covariant n-tensor on normalized statistical
models.

Hikaru Watanabe Infinite dimensional parameterized measure model
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questions
covariant 2, 3-tensor

other good examples

I Are there any other good examples of parameterized measure models and statistical
models?
(I think) we want more examples.

Hikaru Watanabe Infinite dimensional parameterized measure model

questions @ 1 examples
2, 3-tensor

covariant 2, 3-tensor

In finite dimensional exponential family

o 0

ek afoj) = Eo[(fi — Eolfi])(fj — Eolf;])]

go(

(. 9 9
X 00;" 00, 90y,

In the PMM before normalized to exponential statistical manifold

) = Eo[(fi — Eolfil)(f; — Eolf;])(fr — Eolfx])]

’7‘?(’[}1,’02) = Ef[viva]

7 (v1,v2,v3) = Ef[v1v203]

Hikaru Watanabe Infinite dimensional parameterized measure model
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other good examples

covariant n-tensor
result

other good examples

I Are there any other good examples of parameterized measure models and statistical
models?

< We can construct exponential manifolds by reproducing kernel Banach space.

reproducing kernel Banach space(RKBS): Banach spaces of functions, a
generalization of RKHS to Banach space

Hikaru Watanabe Infinite dimensional parameterized measure model

other good examples

covariant n-tensor
result

Definition 12

Q: set
B: Banach space of functions on ).
B — R, f — f(z) is continuous.

Is RKBS really generalization of RKHS?

Definition 13

Q: set
(H,{(-,-)): Hilbert space of functions on §2
FK: Q x Q — R: positive definite (kernel function)

K(z,)e H (z€Q)
flx)=(fK(z,")) (z€Q feH)
< H — R, f — f(x) is continuous.

Hikaru Watanabe Infinite dimensional parameterized measure model
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other good examples

covariant n-tensor
result

difficulty

What is the difficulty of RKHS — RKBS?
< non existing of kernel function K

Proposition 14 (2023)
VE(z,z) = |lez | B~

Theorem 15 (2023)

We can obtain exponential manifold by RKBS when we replace RKHS with RKBS and
v/ K (z,x) with |leg|| = in the discussion of Fukumizu.

Hikaru Watanabe Infinite dimensional parameterized measure model

other good examples

covariant n-tensor
result

What is a benefit of RKBS against RKHS?
— examples of RKBS not RKHS ©: top sp

Example 16

Cp(2) :={f: Q2 = R| f is continuous and bounded.}
Il fllc, (@) = suplf(z)]

is one of examples of RKBS.

Example 17

Co(R2) :={f: Q = R | f is continuous and vanishing at co}
I fllco(e) = suplf (=)

is one of examples of RKBS.

Hikaru Watanabe Infinite dimensional parameterized measure model
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other good examples

covariant n-tensor
result

covariant n-tensor

II Give explicit formula of covariant n-tensor on normalized statistical models.

Theorem 18 (2023)

X : Banach manifold

p: X — P(Q)

(X,p): a parameterized measure model

(Y,q): the normalization of (X, p) (statistical model)
Under some assumption

Ty (1, vn) = Eul(fi — Eulfi]) -+ (fn — Eulfa])
where y € Y, = q(y), fip := dpy(v;), 7":covariant n-tensor on (Y, q).

In short, using this formula from the calculation on PMM we can obtain covariant
n-tensor of normalized SM.

Hikaru Watanabe Infinite dimensional parameterized measure model

other g xamples

covariant m-tensor
result

covariant n-tensor

Theorem 19 (2023)

7™ : covariant n-tensor on exponential statistical manifold

Tf o1, on] = Ep(vr = Epfo1]) - - (vn = Ef[on])]

Especially covariant 2, 3-tensor are
77 [v1,v2] = Ef[(v1 — BEf[v1])(v2 — Eg[v2])]

7¢[v1,v2,v3] = Ef[(v1 — Ef[1])(v2 — Ef[v2])(vs — Ef[va])]

Roughly covariant 2-tensor is a form of variance and covariant 3-tensor is a form of
3-rd moment around the average value.

Hikaru Watanabe Infinite dimensional parameterized measure model
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1 examples

covariant n-tensor
result
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Neural-Kernel Conditional Mean Embeddings

Eiki Shimizu (SOKENDALI)

With a positive definite kernel, conditional distributions can be embedded into
an associated reproducing kernel Hilbert space (RKHS). Such approaches are
referred to as Kernel Conditional Mean Embeddings (CMEs), and have been
applied to various applications such as causal inference and kernelized Bayes rule.

Although several appealing theoretical properties have been shown, CMEs are
yet to be suitable for modern ML tasks: the empirical estimates involve inversion
of a Gram matrix, and the hyperparameter selection is not straightforward. To
address these issues, we propose a method that combines neural networks (NNs)
with CMEs.

Our approach is simple, and can be interpreted as a NN trained with a RKHS
loss. This allows us to replace the matrix inversion with a NN model, while taking
advantage of NN’s ability to learn useful features. We also provide a strategy to
efficiently optimize the hyperparameter of the kernel, without relying on median
heuristics or cross validation. We demonstrate the effectiveness of our method
with ML related tasks, where the estimation of conditional distribution plays an

important role.
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Neural-Kernel Conditional
Mean Embeddings

Eiki Shimizu, SOKENDALI

Intro
* PhD student working with Prof. Kenji Fukumizu

* Interested in : Kernel methods, Bayesian Inference
and their applications to Deep Learning models

* This presentation is about
Kernel method + DeepNN = useful conditional density estimator
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Outline

1. Brief review of kernel methods and kernel mean embeddings

2. Propose a new conditional density estimator,

Share experimental results

3. Applications to more complicated ML tasks: Reinforcement Learning

Section 1

RKHS and Kernel Mean Embeddings
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RKHS and Notations

RKHS

A symmetric function ky: X XX — R is a reproducing kernel of Hy if and only if
*Vx €X, ky(x,) €Hy

* Vx € X and Vf € Hy, f(x) = (f, kx(x, ))sr,

A space Hy is called reproducing kernel Hilbert space (RKHS)

Notations

Let (X,Y) be a random variable on X' XY with distribution P and density function
p(x,y), and ky and ky be positive definite kernel corresponding to Hy and Hy
respectively.

We denote feature maps as Y (x) = ky(x, -) and ¢(y) = ky(y, )

Kernel Mean Embeddings

mpxy = Ep[Y(X)] € Hx, (f, mP(X)>Hx = Ep [f(X)]

The embedding uniquely defines the probability distribution (the mapping is injective) if
the kernel k, is characteristic. Popular kernels like Gaussian kernel has this property.

4

Figure taken from [1]
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Kernel Covariance Operators

Cxx = E[¢(X)®¢(X)]' Cxy = E[‘/’(X)®¢(Y)]
Generalizes finite-dimensional covariance matrices to the case of infinite feature
spaces. Always exist for bounded kernels.

Crx= BRI @601 ~Cyx = 1 326(y) @)

i=1

Figure taken from [1]

Kernel Conditional Mean Embeddings (CME)

Mmpyix)(x) = Ep[@(Y)[X = x] € Hy
Under condition Ep[g(Y)|X = x] € Hy forall g € Hy, there exists an operator
Cle such that mp(ylx)(X) = Cylxll}(x).

This is a minimizer of the RKHS loss /
2
l(CY|X) =Ep [lld)(y) - CY|X1/)(X)||7_[y ]

The closed form solution is
Cyix = Cyx(Cxx) ™"
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Empirical Estimate

) v
l(CY|X) = ;Z”‘P(yi) - CY|X¢(xi)||j_[y + /1||CY|X||HS
i=1
The solution is: i
Crix = Ky + AD1PT
where, & = (¢(r1), ..., p(¥n)), U = (W(x1), ., (). Ky = TP

Thus,
mP(Y|X)(x) = Y180 = dB(x)
where, B(x) = (Ky + AD 71k

Interpretations

* Regression in the function space
¢ If ky is a linear kernel, this is just a
Kernel Ridge Regression

k PYa) P(Y|x,) B(Y) 4

* Weighted particle view
n
Mpyx) () = Zﬁi(x)¢(3’i)
i=1

=
Bi(x) weights particles ¢(y;)
Note that the weights does not necessarily
have to be positive nor sum up to one

~.
~
~~

-
________

Figure taken from [1]
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Kernel herding

Can we “sample” from the KMEs?

Mp =TI, wik(x,) = R, £ (samples)

Kernel herding is a deterministic sampling approach used to obtain
super samples X,,. Selects X greedily and iterates the following:

1 !
H_l{zjzl k(%) + k(f,-)} -

X;41 = argming

Hi

Practical limitations

* The computational cost of (K + A1)~1 is O(n?), and does not scale
to large dataset

* RKHS features are pre-specified feature maps. This may lead to poor
performance when input variables are high-dimensional, or possess
highly non-linear structure

* Hyperparameter selection for ky , kyy and A is not straightforward.
While the choice significantly affects the performance, particularly
for kq; , standard procedures like cross-validation can not be applied
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Section 2

Proposal: Integrate CME with DNNs

Proposal: Big idea

CME Recap:
mP(Y|X)(x) = Y180 = dB(x)
where, B(x) = (Ky + A 1k

Why don’t we just replace B(x) with a DNN model?

M
Pprin () = ) $1)fa(x: 0)
a=1

where, f(x;0): X - RM is DNN, and n € Y corresponds to
M atoms/particles
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Objective function (for CDE)

n

1
ming EZ

i=1

M 2
DD~ ) B1)falxi0)
a=1

Hy

1
& ming— ' {ky(yi. ¥ =2 ) ey na)fa G 0) + ) by 5)fa (i 0 (32, 0)
a a,b

i

Simply use this loss function, and everything else (e.g. implementation,
training procedures) is the same as the standard DNN!

“What’s there to be happy about? Job’s not finished.” Kobe Bryant

Positives (solves first two issues):

* No matrix inversion!

* Can use mini-batch optimization for efficient training
* DNN models learn features: k, implicitly tuned!

Negatives:
* We still have ky left to be tuned, and this is not easy

* The objective function is defined in terms of the RKHS norm of Hy,. If we
change the kernel parameter, the definition of the objective function also
changes
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What should we do with ky?

Empirically, we find the following strategy to work quite well
1. Use a positive definite kernel that also has density interpretation

We use the Gaussian-Density Kernel
k ( /)= 1 ex _“y_y,”2
PV e P\ 202

2. Use the following objective function (will just call it the RKHS loss):

ming ;= {—z > oG fa 0) + ) kgl 1) fa Gt O)f (i e>}
a a,b

l

Experiments (Only to be shared during the presentation)

* Note that this work is still in progress
* Experiments on 1-dimensional conditional density estimation
(output variables are 1-dimensional, but input variables can be multi-dimensional)

» Show preliminary results on:
1. Toy data simulations

2. More realistic setting with the UCI dataset
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Toy data settings

* 3 settings

Bimodal (MoG with hetero noise) Skewed normal Ring & Box

2 4
-4 -2 o 2 4 -20 -15 -10 -05 00 05 10 15 20

Evaluation

1. Train each model with 5000 training data
2. Generate enough samples from p(y|X = x)

3. Calculate the Wasserstein distance between samples and the true
conditional distribution for each x, and average them in the end

Wasserstein distance:

l;(u,v) = inf j lx — yldm(x, y)
RXR

nel(u,v)

where, I'(u, v)is the set of distribution whose marginals are u and v
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Competitors Partl

Deep Feature approach (DF)
Learn adaptive feature 1y (x) represented by DNN:X — R¢

B =Wy (Wew + A1) e (x)

Several successful applications such as in causal inference (IV regression) [3]

¢ Positives

Explicitly learn feature, The matrix inverse can be done with 0(d?), Compatible with mini-
batch optimization

* Negatives
Still need to tune 4 and the kernel hyperparameter of ky

For kq, typically rely on the median heuristic
o= median{”Xl- —Xj|| li,j =1, ...,n}

Competitors Part2

Mixture Density Networks (MDN)
DNN learns the weight, the mean and the variance of a GMM

PO = ) Wil ON (i (x,0), 62(x; 6))

Several successful applications such as in likelihood-free inference [4]
* Positives

Easy to implement, sample and evaluate the log-likelihood

* Negatives

Optimizing 3 parameters of the GMM jointly may lead to numerical instability and
over-fitting
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UCI datasets

» “Real world” dataset

Dataset | Boston  Concrete Energy  Kin8nm Naval Power Protein
(N,P) | (506,13) (1030,8) (768,8) (8192,8) (11,934,16) (9568,4) (45,730,9)

* Both input and output variables are normalized before training

Evaluation

Quantile Interval Coverage Error (QICE) [5]:
1. Generate enough samples from p(y|X = x)

2. Divide them into M=10 bins and get 10 quantile intervals with the
~lowy, ~high,
boundary y, and y,

3. Calculate

1 1 1
QICE = HZ%=1 |Tm - E|’ where m = E g=1 IYnEJA’-}lOWm . lynzyrf:ighm
In the optimal scenario, about 10% of true data shall fall into each of the
10 quartile intervals, and QICE reaches 0
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New competitor: The Big Boss

Diffusion model

Used in “Generative AI”, super strong performance on image generation tasks
[5] proposed conditional version of this model, enabling flexible conditional density modelling

Though this model demonstrates SOTA level performance on several tasks, it is computationally
costly (requires two NNs/optimizations), and the sampling may be slow

howvardiSDEl(datas = noise) Figure 1: Solving a reverse-
dx = f(x,t)dt + g(t)dw —)@ time SDE yields a score-based
- generative model. Transform-

ing data to a simple noise dis-
tribution can be accomplished
; with a continuous-time SDE.
S°°’e function This SDE can be reversed if we
dx = [f(x,t) — g*(t)Vx log pt (x) | )] dt + g(t)dw @ know the score of the distribu-
tion at each intermediate time

step, Vx log pi(x).

?

od

9

Reverse SDE (noise — data)

Figure taken from [6]

Section 3

Application to Distributional RL
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Reinforcement Learning framework

1. An agent on S; interacts with the environment (takes an action Ay)
2. Moves to the next state Sy, 4, and gets a reward Ry,
3. Repeat until the agent learns a good policy

'_l Agent |

g Ul
Slao roward n(s) |action
S| |R Pr(RIS, 4), Pr(S'IS, A) A,
R. ( _
<= Environment ]4—

Figure taken from [7]

Q-learning: basic idea

Learn state-action value function Q™ of a policy 7, which corresponds to expected
discounted sum of rewards

(o]

Q™(s,a) = Eg, [Z ytrt],at = 1(s¢)
t
where, y € [0,1) is the discount factor.

This satisfies the Bellman equation/backup:
Q"(s,a) « Eg [r +yQ™(s",m(s"))]

Similarly, define Bellman operator 7'™:
T*Q™(s,a) = Eg . [r +yQ™ (s, m(s"))]
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Q-learning: algorithm

Q-learning (off-policy TD control) for estimating 7 ~

Algorithm parameters: step size o € (0,1], small € > 0
Initialize Q(s,a), for all s € 8*,a € A(s), arbitrarily except that Q(terminal,-) =0

Loop for each episode:
Initialize S
Loop for each step of episode:
Choose A from S using policy derived from @ (e.g., e-greedy)
Take action A, observe R, S’
Q(S,A) «+ Q(S, A) + a[R + ymax, Q(S', a) — Q(S, A)]
S+ S

until S is terminal

Figure taken from [7]

Notes

* Q(s,a) can be approximated well by DNN

* In that case, we stop the gradient for max Q (s, a)
a

Distributional RL (DRL)

Model distribution over state-action value instead of just expectation
n D go ¢
Z™(s,a) = XizoY'R(sp, ar)

Distributional Bellman equation [8]:

Z™(s,a) « R(s,a) + yP"Z™(s,a)

Distributional Bellman operator 7’7 :

D
T™Z™(s,a) = R(s,a) + yYP™Z™ (s, a)
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Categorical DQN (CDQN)

DQN CDQN . . . . . .
CDQN [8] basically models the distribution with histogram,

and use cross-entropy loss for the loss function

A famous approach named “Rainbow” uses this CDQN structure
W and achieved SOTA performance on Atari games few years ago

Technically, there needs to be a heuristic step to enable
cross-entropy loss to be used

Can we
L k) . . .
%, % * Represent the distribution better, and
* Compare two distributions in a more principled way?

Actions Actions

Figure taken from [9]

Proposal: MCMD DRL

Maximum Conditional Mean Discrepancy (MCMD)[10]:

J— N N 2
MCMD? (Prix, Pyper) = [ oy )00 = oy GO
Y
Empirical estimate with our proposed model:

D ey, ) et 6 G 0) = 2 ) ey 1) e 60 G 0) + Y ey (e 1) i Gt 6 (31, 6)
a,b a,b a,b

To make this Distributional Bellman equation, simply calculate
MCMD(Pyx, T™Pyx)
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Why DRL is the perfect application

In Q-learning framework,

 Evaluate the learned state-action value every step

* This is done for millions and billions of steps

* The accumulated “data”/experience can be as large as steps taken

In this case, we never want to see matrix inversion. Our approach can be
applied to DQN-style learning in a straight manner, and offers
principled way to represent and compare distributions.

Experimental setups/results only shared during the presentation
* Test on “Classic Control” provided by Gymnasium environment

* Though “classic”, SOTA DeepRL approaches can easily fail in these
environments, with bad modelling or hyperparameters

* Run for 5,000,000 steps, and evaluate agents every 100 steps
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Summary
* New conditional density estimator by combining KME and DNN

* Overcomes some of the KME limitations:
matrix inverse, hyperparameter tunings

* Good performances on density estimation tasks

* Promising performances on RL tasks, address bandwidth selection
issues at the same time

Future work: make it Bayesian
* Large scale settings / multi-dimensional density estimation
* Application to kernelized Bayes Rule
* Combine with Gaussian Process, Bayesian Deep Learning?
» Can we do the Bayesian model selection for hyperparameter tuning?

* Could some “Geometric methods” incorporated into our work/KMEs
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Bonferroni method and tube method for heavy-tailed
distributions

Satoshi Kuriki (Inst. Statist. Math.), Evgeny Spodarev (Ulm Univ.)

The Bonferroni method is the simplest method for approximating the maximum distribution of the
statistics T1,...,Th:

P(miaXTi > c) = ZP(Ti > c).

When the joint distribution of (T;)1<i<n is Gaussian, the relative approximation error
2 P(T > ¢) — P(max; T; > c)
> (T > ¢)
is exponentially small as ¢ — oco. This is shown in the tube method that includes the Bonferroni
method as a special case. However, when the statistics are studentized by a common standard deviation

estimator &, the distribution of (T})1<i<n becomes a heavy-tailed distribution such as the multivariate
t-distribution. In this talk, we evaluate the relative error A(c) in such cases.

Alc)

We first set the class of random vectors (T3)1<i<n With a correlation structure (p;;) and a specified
tail behavior. Let x4, ..., z, € R™ be unit vectors such that (x;,z;) = p;;. By using standard Gaussian
random vector ¢ ~ N, (0, I,,) and & independent of £, we let T; = (z;,£)/5. The marginal distribution
function of T? is denoted by F' (identical for all 4), and the tail distribution of F is parameterized with
parameters (3,¢) (8 <1, £ is a slowly varying function):

xr
1= F(z) ~ Coxp ( / q(t)dt) =52,

o
where we assume that the limit lim,_, ., ¢(z) = v € (0,00) U {oo} exists. This distribution family in-
cludes the light-tailed distribution (exponential, super-exponential), the long-tailed distribution RV _,
(regularly varying distribution with index —v), and intermediate cases (subexponential distribution)

S.

B B=0 p=0 pe(0,1) pB=1 p=1
8l Y= 7 <> Yy<o0o =00 <00
super-exponential exponential S S RV_,

Theorem 1. Suppose that § < 1 or v = co. Then,

log Ac) ~ =21 0(e)ga(cos? Ori), ¢ — o0,
where gg(y) = ﬁ:gl (B <1), —logy (B =1), and ¢pi = %miniq cos™! p;; is the critical radius
(reach). Moreover, A(c) — 0 (¢ — 00).

Example 1. If F is the chi-square distribution (5 = 0, v = 1/2), or the log-normal distribution (5 = 1,
{(x) =logz, ¥ = 00), then log A(c) ~ —(1/2)c? tan? O, or —log(c?)(— log cos? O), respectively.

Theorem 2 (Regulary varying distributions). Suppose that 8 = 1 and v < co. By using independent
random variables B ~ B, 1 n1 and V; ~ Unif ({z € R" | ||z|| = 1, (#,2;) = 0}), we have

1 n ~ 1-— i 7
Clggo Afc) = EzizlP(B < cos? 91'(‘/1'))7 0;(v) = tan~" Ijn;gl Wﬁv;
Moreover, 0 < lim_y0o Ac) < A := ]P’(E < co8? 0y

These evaluations for A(c) can be generalized to the tube formula.
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